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SUMMARY

Static fracture analyses in two-dimensional linear magnetoelectroelastic solids is studied by means
of the extended finite element method (X-FEM). In the X-FEM, crack modeling is facilitated by
adding a discontinuous function and the crack-tip asymptotic functions to the standard finite element
approximation using the framework of partition of unity. In this study, media possessing fully coupled
piezoelectric, piezomagnetic and magnetoelectric effects are considered. New enrichment functions
for cracks in transversely isotropic magnetoelectroelastic materials are derived, and the computation
of fracture parameters using the domain form of the contour interaction integral is presented. The

convergence rates in energy for topological and geometric enrichments are studied. Excellent accuracy
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of the proposed formulation is demonstrated on benchmark crack problems through comparisons
with both analytical solutions and numerical results obtained by the dual boundary element method.
Copyright © 2009 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The use of magnetoelectroelastic (MEE) materials is receiving increasing attention due to the
inherent coupling among mechanical, electric and magnetic fields. Such coupling provides new
technological possibilities in novel multifunctional devices, such as electromagnetic transducers,
actuators, and sensors. Natural MEE single-phase materials are rare, and their electromagnetic
coupling is either relatively weak or it occurs at low temperatures for practical applications.
In contrast, composites that combine both piezomagnetic and piezoelectric phases typically
show much larger electromagnetic response above room temperature. Such electromagnetic
coupling is a new product property of the resulting composite, since it is absent in both the
piezoelectric and piezomagnetic phases when considered alone. A review on the current status

of MEE composites can be found in the work by Nan et al. [1].

Fracture mechanics of this class of materials is relevant to predict the structural integrity
and in-service working conditions of MEE devices. However, as compared to the anisotropic
or piezoelectric cases, relatively limited work has been done when it comes to analyze fracture
phenomena in magnetoelectroelastic materials. Related to static fracture, Gao et al. [2-5]
analyzed some basic problems analytically, whereas in the works by Sih et al. [6-8] and
Song and Sih [9] the influence of both electromagnetic fields and the volume fraction of
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FRACTURE IN MAGNETOELECTROELASTIC MATERIALS USING THE X-FEM 3

the magnetoelectroelastic composite on crack initiation and growth are analysed. Wang and
Mai [10, 11] derived the expressions for the magnetoelectroelastic asymptotic fields, as well
as path-independent integrals. Using such path independent integrals, fracture behaviour
of magnetoelectroelastic solids was analyzed by Tian and Rajapakse [12]. All these studies
present analytical procedures that are limited to problems with relatively simple geometries

and loading conditions.

Several numerical methods have been proposed to solve static fracture mechanics problems
in magnetoelectroelastic solids. A dual boundary element (BE) formulation was presented by
Garcia-Sénchez et al. [13], whereas Sladek et al. [14] proposed a meshless local Petrov-Galerkin
approach. In contrast, limited work has been done so far to model MEE structures using
finite element methods (FEM). Buchanan [15] applied FEM to obtain the multiphase material
properties. Garcia Lage et al. [16] developed a partial mixed layerwise finite element model
for the static and free vibration analysis of MEE laminated plate structures. Bhangale and
Ganesan [17] presented a semi-analytical FEM for the static analysis of functionally graded,
anisotropic and linear MEE plates. This work was further extended by Rajesh et al. [18] to the
case of free vibrations of plates and by Annigeri et al. [19] to the problem of free vibrations
of clamped-clamped cylindrical shells. More recently, Daga et al. [20] analyzed the sensory
response of MEE materials bonded on the top surface of a mild steel beam under transient
mechanical loading using finite elements and Simoes Moita et al. [21] proposed a FE model
based on third-order shear deformation theory, for static and free vibration analysis of plate

structures integrating piezoelectric/piezomagnetic layers.

Related to fracture applications, different crack-face boundary conditions were analysed by
Wang and Mai [22] using a classical finite element approach, in which the mesh boundaries
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must align with the crack path. Additionally, mesh refinement or singular elements such as
quarter-point elements are also necessary near the crack-tip to capture the stress singularity.
To circumvent these difficulties, the extended finite element method (X-FEM) is a powerful
alternative in computational fracture. In the X-FEM, the crack discontinuity is represented by
enriching the classical finite element approximation by discontinuous and near-tip asymptotic
functions via the framework of partition of unity. The X-FEM has been successfully applied to
solve crack problems by Moés et al. [23] in isotropic media, Sukumar et al. [24] in bimaterials,
Asadpoure and Mohammadi [25] in orthotropic materials, and Béchet et al. [26] in piezoelectric
media. It is well-established in the literature (for example, see Fries and Belytscho [27]) that
the X-FEM with near-tip enrichment is more accurate and efficient than conventional FEM

with no enrichment.

In this paper, we present extended finite element analyses for fracture in two-dimensional in-
plane transversely isotropic MEE materials. The governing equations are stated in Section 2,
and the crack-tip asymptotic fields (used to design the enrichment functions) in MEE materials
are provided in Section 3. The extended finite element formulation is presented in Section 4,
and new crack-tip enrichment functions for MEE materials are derived in Section 5. The
computation of fracture parameters using the domain form of the contour interaction integral
is described in Section 6, and supportive numerical fracture results for the extended stress
intensity factors are presented in Section 7 to validate the formulation. We close with the
main findings from this study in Section 8.
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FRACTURE IN MAGNETOELECTROELASTIC MATERIALS USING THE X-FEM 5

2. GOVERNING EQUATIONS FOR LINEAR MAGNETOELECTROELASTICITY

For a composite material in which both piezoelectric and elastomagnetic phases coexist,
the interaction among the electric, magnetic and mechanical fields leads to the following

constitutive equations for the resulting linear MEE solid [28]:

0ij = Cijri€rl — €1 B — hig; Hy (la)
D; = eijmen + ealy + BuH, (1b)
B; = hipier + Bu Ly + vaH, (1c)

where o;; are the components of the Cauchy stress tensor, D; are the electric displacements, and
B; are the magnetic inductions. In addition, €;; are the components of the small-strain elastic
tensor, and E; and H; are the electric and magnetic fields, respectively. In (1), Cijxi, €; and
v, are the elastic stiffness tensor, the dielectric permittivities and the magnetic permeabilities,
respectively, whereas e;5, hy;; and 35 are the piezoelectric, piezomagnetic and electromagnetic
coupling coefficients, respectively.

Small displacement gradients are assumed, so that the linearized strain-displacement
relations hold. The electric and the magnetic fields are the gradient of the electric potential ¢

and the magnetic potential ¢, respectively

1
Eij = §(ui,j + uj,i) (23)
Ei=—¢, (2b)
Hi=—p,; (2¢)

where u; are the elastic displacement components. The summation rule on repeated indices is
implied unless otherwise stated and a comma stands for partial differentiation.
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The equilibrium equations for static loading are given by

i = — " (3a)
D;; = f¢ (3b)
Bi,i = fm (30)

where fm¢" are the body forces and f¢ and f™ are the electric charge density and the electric
current density, respectively.

Following the notation first introduced by Barnett and Lothe [29] for piezoelectricity, a
generalized displacement vector is defined by extending the elastic displacement vector with

the electric and magnetic potentials as

u; 1=1,23
ur=19 ¢ I=4 (4)
v I=5

and a generalized stress tensor is defined by the extension of the elastic stresses with the

electric displacements and the magnetic inductions as

Oij J:1,2,3
oy =4 D, J=4 (5)
B; J=5

so that the linear MEE problem can be formulated in an elastic-like fashion. The constitutive

equations (1) may be recast is a more compact form to yield

0i] = GJKIUK ] (6)

where the lowercase subscripts (elastic) vary from 1 to 3, whereas the uppercase ones
(extended) vary from 1 to 5. The material properties have been grouped together into a
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generalized elasticity tensor defined as

Cijhi JK=1,23

e J=1,2,3 K=4

hui) J=123 K=5

Cint J=4 K=1,2,3

CiIKl = —€51 J K =14 (7)

—Bil J=4; K=5

hiki J=5 K=1,2,3

—Bu J=5 K=4

—il J, K =5

3. GENERALIZED DISPLACEMENT FIELDS AROUND A CRACK IN A

MAGNETOELECTROELASTIC SOLID

The asymptotic terms of the generalized displacement fields in the vicinity of a crack tip
must be included in the extended formulation of the finite element to describe the crack-
discontinuity. To this end, we next derive such asymptotic crack-tip fields in the vicinity of a

crack in a MEE material, based on Laurent’s series expansions.

In this wor,k we consider transversely isotropic MEE media under generalized plane strain
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8 R. ROJAS-DIAZ, N. SUKUMAR, A. SAEZ, F. GARCIA-SANCHEZ

conditions. In such a case, the constitutive relations (6) may be further reduced to [30]

e11 air a2 0 0 b1 0 dn o1
€22 aiz a2 0 0 b2 0 da 022
2e12 0 0 ass b3 0 diz O O12
Ey = 0 0 —bi13  O11 0 Apy 0 D,
E, —bay1 —by2 0 0 b2 0 A D,
H, 0 0 —dy3 A 0 (11 0 B:
H, —do1 —dy2 0 0 A 0 (o Bs

where the terms in the matrix are listed in appendix A.

The equilibrium equations in the absence of generalized body forces are

0011 + 0012 -0, 0012 0092 -0 (93)
6371 81}2 8331 81‘2
0Dy 0Ds
S T Y 9b
61‘1 + 81‘2 ( )
0By 0Bs
A 9
8$1 + 8.132 ( C)
and the compatibility conditions are
2 2 2
0 6;1 0 632 _ 0 €12 (108,)
0x3 Ox? 0x1022
0F, O0Fs
_ — 10b
8x2 81‘1 ( )
OH, O0H>
_ =0 10
81‘2 8.%‘1 ( C)
Let us now introduce the potential functions U, x and 9 defined by
o11 =U(z1,72) 22, 022 = U(x1,22) 11, 012 = —U(1,72) 12 (11a)
Dy = x(z1,22),2, D2 = —x(z1,22)1 (11b)
Bl = 19(1‘1,])2)72, BQ = —19(.131,%‘2),1 (110)
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FRACTURE IN MAGNETOELECTROELASTIC MATERIALS USING THE X-FEM 9

The equilibrium equations (9) are automatically satisfied because of the definitions in (11).
Substituting (8) into (10) and expressing the stresses, the electric displacements and the

magnetic inductions by the potentials in (11) leads to

a11U 2202 + a22U 1111 + (2012 + a33)U 1122 — (b21 + b13)x 122 (120)
a

—boox 111 — (do1 + d13)0 122 — da2¥ 111 =0
(D21 + b13)U 122 + baoU 111 + 11X 22 + d22x,11 + A119 22 + Ao 11 =0 (12b)

(da1 + d13)U 122 + d2aU 111 + Av1x 22 + Doax 11 + G110 22 + (220,11 = 0 (12¢)

so that on defining the following operators

4 4 84

0
Ly= a2287:‘11 + a11676421 + (2a11 + a33)m (13a)
9 95
L3 =byy—= b bi3) ——= 13b
3= by + (b1 + 13)8x18:c§ (13b)
95 3
Ms = — - 1
3 = dag 93 + (d21 + dl?’)axlax% (13c)
0? 0?
L = _— —_— 1
2 = 022 ax% + 51181‘% (13d)
0? o2
My = Nog—— + A1 —= 1
2 22 am% + A 8:1:% (13e)
H? 0?
P, = - — 13f
p) C226x% + (i1 02 (13f)

the compatibility equations can be reduced to the following partial differential equation of

eighth order for U(z1,z2) (see Reference [31] for details)

[La(LaPy — M3) + L3(L3Py — 2M3Ms) + LyMZ]U = 0 (14)
whose solution can be derived in the form

U(z1,22) = U(z1 + pr2)  with  p= Re(u) + iIm(p) (15)

Substitution of (15) into (14) leads to the following eighth order characteristic equation for
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10 R. ROJAS-DIAZ, N. SUKUMAR, A. SAEZ, F. GARCIA-SANCHEZ

the complex roots p;

[a11pu? + (2a12 + az3)p® + aga][(A11p? 4+ Aga)? — (81142 + 22) (Crap® + Ca2)]
—[(ba1 4 biz)p® + boo]* (Crape® + Ca2) — [(dor + dis)p® + daa]? (61147 + d22) (16)
+2[(ba1 + b13)p® + baa][(da1 + dis)p® + daa](A11p” + Agz) = 0

The general solution for U(xz1,z2) can be constructed by means of the eight roots p,;, which

are actually four conjugate complex pairs, as

8
Uz, 22) = ZUi(ﬂh + pix2) (17)
i=1
The potentials x(z1,22) and ¥(z1,22) can be derived from U(xy,z3) by combining

equations (8), (10) and (11) (see References [31] and [26] for details), so that all the

magnetoelectromechanical variables can be obtained by means of the potential U(z1, z2).

Figure 1. Definition of the material axes around the crack tip

The displacement solution in the vicinity of a crack is now derived in an unbounded plane
domain (Figure 1). Let zo be the polarization direction and « the angle between the crack
line and the material coordinate system (z1,z2) with origin at the crack tip. Extending to
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FRACTURE IN MAGNETOELECTROELASTIC MATERIALS USING THE X-FEM 11

the MEE case the procedure presented in Reference [26] for piezoelectrics, the potential U in

equation (17) is expanded in a Laurent-like series:

8
Ulwr,we) = 30 D dilh) (e + paa) 2 (18)

k i=1

where d;(\;) are complex free coefficients of the series expansion to be determined and A

are generally complex and represent the number of roots of the solvability equation for the

crack faces boundary conditions considered. In this paper, we will focus on traction-free cracks

with electric and magnetic impermeable crack face boundary conditions, i.e., with zero normal
electric displacement and magnetic induction on the crack faces [22].

On considering a polar coordinate system with the origin at the crack tip, the real potential

U(r,0) in (18) can be rewritten as

4 4
U(r,0) = Z di(N)r(cos( — o) + pg sin(f — o)) M2 + Z d;(N)r(cos(0 — o) + Tz sin(f — o)) M2

i=1

where A is one of the Ay in (18) and it is assumed to be real.

The real representation of each term in (18) for each p; leads to expressions of the form

e cos [(A+2) (s + )] + fip*sin [(A + 2)(r + 3)] (199)

with
p=rv/(Jur|? — 1)(sinw)? 4 Re(u;)(sin 2w) (19b)
Kk = arctan 1+ Re(u,) tan(w) (19¢)

[T ()| tan (w)

di(A) = ei(A) +ifi(A) (19d)
w=0—-a« (19e)
Copyright (© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-36
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12 R. ROJAS-DIAZ, N. SUKUMAR, A. SAEZ, F. GARCIA-SANCHEZ

where e; and f; are eight unknown coefficients. As pointed out by Béchet et al. [26] for

piezoelectricity, an infinite number of \; may be obtained as
M ==1/2, X=0, Ag=1/2, M=1... (20)

for impermeable crack-face boundary conditions. The first root A; = —1/2 generates
four independent eigenvectors (and their respective conjugate complex pairs) so that four
independent singular eigenfunctions, which incorporate the classical 1/4/r crack tip singularity,
can be constructed. These independent eigenfunctions can be used for obtaining the enrichment
functions for the X-FEM.

It is noteworthy to point that these enrichment functions depend on the angle w = 0 — «
and hence, the enrichment functions can be calculated for every poling direction with respect

to the crack line.

4. EXTENDED FINITE ELEMENT FORMULATION

The extended finite element method [23,32] is a technique to simulate crack discontinuities
without the need for the crack to conform to the finite element mesh. To this end, additional
(enrichment) functions are added to the classical finite element approximation through the
framework of partition of unity [33]. The crack interior is represented by a discontinuous

(Heaviside) function and the crack-tip is modeled by the asymptotic crack-tip functions.

4.1. Crack modeling and selection of enriched nodes

Consider a crack I'. = I'7 UT'} located inside a domain 2 C R? with boundary I'. The domain
is discretized by finite elements, and let A denote the nodal set. Generalized displacements
are prescribed on Iy, whereas generalized tractions are imposed on I'y, so that ' = T',, U T

Copyright (© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-36
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—|

Figure 2. Boundary value problem with an internal crack.

(Figure 2). The displacement approximation (trial function) in the X-FEM is written as [23]

W60 = S NGJu + Y NHa - Y N Y Faboby (21

ieEN JENH keNCT

where N; is the standard finite element shape function associated with node i, u; is the vector
of nodal degrees of freedom defined in classical finite elements, and a; and b}, are the added set
of degrees of freedom in the elements containing the crack. H(x) is the generalized Heaviside
function, which enables the modeling of a crack that fully cuts a finite element, and F,, are the
crack-tip enrichment functions. In a MEE solid, the variables that appear in (21) are defined in
an extended way, so u; and a; are 4-component vectors and by, is a 32-component vector, since
four nodal variables (u1, ua, ¢, ¢) and eight enrichment functions are involved. In isotropic
elastic materials by, is an 8-component vector, since only two nodal variables (u1, us) and four
enrichment functions are needed to describe all the possible deformation states in the vicinity
of the crack-tip [23].

In a finite element mesh (Figure 3), the nodes that are enriched with the Heaviside function
(set N') are marked with a filled circle and they belong to elements fully cut by the crack,
whereas the nodes that are enriched with crack-tip enrichment functions (set A’“7) are marked

Copyright (© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-36
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L
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Figure 3. Node selection for topological enrichment.

with a square and they belong to elements that contain the crack tip.

4.2. Weak formulation and discrete equations

Let u be the mechanical displacement and & the mechanical stress tensor, whereas u and o
are, respectively, the extended displacement vector and the extended stress tensor. The weak

form (principle of virtual work) for a continuous problem in a MEE solid is given by

/&:5gd9— D :0EdQ — B:(SHdQ:/ fmeCh-éﬁdF—/fe-5¢dF—/fm-5<de
Q Q Ty

Q Iy Iy

+/fmech.5ﬁdg_/f€.5¢d9—/f’”-écde. (22)
Q Q Q2

Since the MEE problem can be expressed in an elastic-like way, (22) can be rewritten as

/o‘:éedQ:/ t-du +dI‘+/f~5udQ (23)
Q r, Q

by using the extended variables notation introduced in Section 2. In (23), t are the prescribed
extended tractions and f is the extended volume forces vector.
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After the appropriate discretizations of the governing equations, the following MEE finite

element equations can be derived:

kaatl + kgpd + koo = fm" (24a)
k¢ﬂﬁ — k¢¢¢) — k@PSO = fe (24b)
ko — kg — koo = f™ (24c¢)

which can be grouped together to yield

K=Ak, f=Af (25a)
as the global stiffness matrix and force vector, respectively, and
+1 41
keue = fe» e — BTCBdQ = / B(fa n)TCB(£7 77)|J‘ dgd?? (25b)
Qe -1 J-1

The element contribution to K and f are as follows:
Kuv  ue  pub
7] 7] i
ki, = ki ki k?f (26a)

bu ba bb
K kP K

B= 45 5 8 8 £ & £ £ £ 7 (26b)

1 7
where the indices u, a and b refer, respectively, to the extended displacement vectors and the

extended new (enriched) degrees of freedom vectors, so that

TS T s
k= [ BTCm) A (s = wad (272)
f'= [ Nzl + / N£dQ (27b)
0, Qe
2= [ N,HEdT + / N, HFdQ) (27¢)
0. Qe
o = NiFotdl' + | N;F,fdQ (a=1,8) (27d)
0, Qe
Copyright (© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-36
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In (27), BY, B¢ and B! are the matrices of shape function derivatives, which are defined as

Nia 0
0 Ny
Niy i,z
Bi=| o 0
0 0
0 0
0 0
- (NiH),z
0
(NiH)vy
B} = 0
0
0
0

b _ 3
B;=| B! B B?® B BY BY B B

B =

0

0

0

0

0

(NLF(,Y)’(L

(NiFa)»y

Copyright (© 2009 John Wiley & Sons, Ltd.
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0 0 _

0 0

0 0

ioe 0

iy 0

0 Nig

0 N,

0 0
(NviH)ay 0
(N:H ),y 0

0 (NiH),o

0 (NiH)vy

0 0

0 0

0
(NiFa)ay
(NiFa),a

0

0

0

0

0
(NiFo) o
(NiFa)vy

0

0

0

0

(NiH)vw

(NiH)vy

(NiFOz)7I

(NiFOt)ﬂJ

0

0

(28a)

(28)

(28¢)

(284)
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5. ENRICHMENT FUNCTIONS

The asymptotic displacement fields in the vicinity of the the crack-tip in an unbounded MEE
domain were derived in Section 3. From them, a set of elementary functions that span the
asymptotic fields can be obtained for any orientation of the crack and loading combination.
While for isotropic and piezoelectric materials, only four or six functions, respectively, are
necessary to describe all the possible generalized displacement states near the crack tip, for
MEE materials eight functions are needed. These functions, named as F,, in equation (21), are
obtained from the asymptotic singular solution presented in Section 3, and can be expressed

as an extension of those obtained in Reference [26] for piezoelectric materials to yield

Fo(r,0) = v/r {p1cos(01/2) pacos(02/2) pscos(f3/2)) pacos(6s/2)

p1sin(61/2) pasin(62/2) pssin(f3/2) pasin(64/2)} (29a)
where
pr(w,pK) = % V2(|ux]? — 1) (sinw)? + Re(pg ) sin 2w — 1 (29b)
and

Im(uk)| tan (w — wlnt(£)) -

™

1+ Re(px) tan (w — 7lnt(£))

(E

O = wInt(—) 4 arctan (29¢)
7r

In (29), w = 0 — o (Figure 1) and py are the four roots of the characteristic equation whose
imaginary part are positive.

A total of eight enrichment functions are thus obtained, as compared to the piezoelectric
case where six were proposed [26] or the elastic case where only four were needed [23]. This is
due to the fact that whereas in the elastic case only the modification of the mechanical fields
induced by the presence of the crack needs to be described, in the piezoelectric and MEE cases

Copyright (© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-36
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18 R. ROJAS-DIAZ, N. SUKUMAR, A. SAEZ, F. GARCIA-SANCHEZ

the crack also affects the electric field and the electric and magnetic fields, respectively. In the
same way, the characteristic equation of the material (16) leads to eight roots p; in the MEE
case, whereas the corresponding characteristic equations for piezoelectric and elastic materials

lead to six and four roots, respectively.

6. COMPUTATION OF EXTENDED STRESS INTENSITY FACTORS

The mechanical stresses, electric displacements and magnetic inductions exhibit the classical
/1 singular behavior near the crack tip [2,10]. The amplitudes of such singular fields are
characterized by the traditional stress intensity factors K; and Ky, the electric displacemet
intensity factor Ky, and the magnetic induction intensity factor Ky . Kry and Ky contain
the information on the discontinuity induced by the crack into the electrical and magnetical
fields, respectively. All these field intensity factors may be grouped together as an extended
stress intensity factor (ESIF) vector:

Kir
K

Kry

Ky

In this paper, the interaction integral technique developed by Rao and Kuna [34] for
extraction of ESIFs in MEE materials is applied. A brief description of this approach follows.

The path independent J-integral for a MEE cracked solid is given by [10,11]
J = /(W51j —oijuin — Djoa — Bjpa)n; dl (31)
r
where the indexes 7 and jvary from 1 to 2 in a two-dimensional solid, I is an arbitrary enclosing

contour around the crack tip and n; is the j-th component of the outward unit vector normal

Copyright (© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-36

Prepared using nmeauth.cls



FRACTURE IN MAGNETOELECTROELASTIC MATERIALS USING THE X-FEM 19

to it, and W is the electromagnetic enthalpy density, which for a linear MEE material can be

expressed as

1
W = 5(oieij — DjEj — BjHj) (32)

Equation (31) may be transformed into an equivalent domain expression by applying the

divergence theorem:
J:/(O'ijui,l—FDj(ﬁJ+Bj<p’1—W(51j)q,j dA—l—/(O’ijuiJ—l—Dj(b,l-i-ngO’l—W(Slj),jqu (33)
A A

where A is the area inside the contour I' and ¢ is an arbitrary smoothing function such that
it is unity at the crack tip and zero on the boundary I'. The second term in (33) vanishes in

homogeneous MEE materials, yielding
J = / (O’ijui71 + Dj¢71 + Bj<p,1 — W(Slj)qd- dA. (34)
A

Equations (32) and (34) can be rewritten in terms of the extended variables defined in (4) and
(5) as

1
J = / ((T[jU],l — Wélj)qyj dA, W = 50’]]'61]‘. (35)
A

Let us now consider two independent equilibrium states for the cracked body. The first one
corresponding to the the state under study and the second one corresponding to an auxiliary
state, which may be selected as the near-tip extended displacement field for any of the extended
opening fracture modes. In this work, for the sake of convenience, the asymptotic fields are
expressed in terms of the generalized Stroh’s formalism [29,35]. If a polar coordinates system
(r,0) with the origin at the crack tip is used, the extended displacement fields can be written

as

2
wr(r,60) = \/;Re (Kn A By v/r (cos 8+ i sind)) (36)
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whereas the stresses fields can be expressed as

1 _ Oj1pear + 952
o1j(r,0) = (=1)\/ —Re | KnBry By, J J 37
13(r:6) = (=1) 2m ( e MN\/T'(COSQ-‘FMMSHIQ) (37)

where the summation over N comprises all the fracture modes Ky, K, Ky and Ky . In (36)
and (37), the tensors A and B, which depend on the materials properties, can be computed
from the following eigenvalue problem:

L 'Mm -L! Ay Ay
=py | —— (no sum on M) (38)

Z-M'L'M | —-MTL! By By

with L, M and Z being the tensors defined in Stroh’s formalism as
Z:=Ciri, M:=Cyry1, L:=Cyy (39)

The superposition of these two states produces another equilibrium state for which the J-

integral is
79 = [ (@l + o) b ) = WS)asdd, W = Sl + o)) + <) (10)
The J-integral in (40) can be decomposed into
JO) = g 4 g@ 4y (41)

where M is the interaction integral, defined as

M1 = /A (0l + o uf) — wtDsy)g ;dA (42)
with
1, 1y ¢ 2) (1
w2 = 5(053‘)5(13‘) + 017 (43)

The elecromagnetomechanical J-integral can be expressed in terms of the extended stress
intensity factors as [34]

1
J = S KuYunKy (44)
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FRACTURE IN MAGNETOELECTROELASTIC MATERIALS USING THE X-FEM
where Yy is the (5 x 5) Irwin matrix, which depends on the material properties
Yun = R(i - Ao By
where A and B are defined in (38).

For two-dimensional problems, one can write for any equilibrium state

J = 3K} Y + Ko + K3, Vg + K2 Yss + K K 1Yo
+K1KrvYos + K1 KyYos + K KrvYis + K KvYis + Ky Ky Yas

Substituting this expression into (41), the interaction integral can be rewritten as

MO = KD KDY+ KK Yoy + KWK Yaa + KV K Yas

PO RE DRIV (K KR+ (R 5 K)o

21

(45)

G K+ K K2+ (KK + KPE)Ys + (K0 + KRR

(46)

The individual extended stress intensity factors are evaluated by solving the system of linear

algebraic equations obtained from (46) by choosing appropriate auxiliary states. For instance,

if auxiliary state is taken so that K§2) =1 and Kﬁ) =0, Kﬁ/) =0, K‘(/z) = 0, (46) can be

reduced to

M) = KMoy + K1 V1o + K3 Yas + K{PYas
Similarly, other three equations can be obtained as

MO = KMy, + KDV + KDY+ KDY

M) = KDYy + K Yia + K Y + K\ Vi

MY) = K§1)Y25 + KS)YM + K;%/)szs + Kx(/l)ysg)

(47)

Therefore, the determination of the extended stress intensity factors is reduced to solving
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the following system of linear equations:

1

AL K;j)

MDD K}l)
=Y (48)

w02 Ky

1

M (1LB) K‘(,)

7. NUMERICAL EXAMPLES

Several static crack problems in MEE media are solved to validate the formulation. The
first example corresponds to a Griffith crack in a MEE solid subjected to a combined far
field magneto-electro-mechanical uniform loading. The exact solution for this problem was
first reported by Gao et al. [2]. This analytical solution will be the basis to characterize the
convergence of the newly derived MEE enrichment functions. Additional examples involving
finite cracked domains are presented as well. In this case no analytical solutions are available
in the literature and the numerical boundary element results previously presented by Garcia-
Séchez et al. [13] will be adopted as the benchmark reference solution for comparison purposes.
In Reference [13], this BE formulation yielded very accurate results—validation was done
against analytical solutions for a Griffith crack and two interacting cracks under remote loading
in an infinite MEE medium. In all the numerical simulations, a MEE composite material
BaTiO3—CokFe204 with a volume fraction Vy = 0.5 is considered. The material properties are
listed in Table I.

Furthermore, a 2 x 2 Gauss quadrature rule is used in every non-enriched element, whereas
for non-partitioned enriched elements a 5 x 5 Gauss rule is used. For enriched elements that are
partitioned into subtriangles, a seven point Gauss rule is used in each subtriangle. Moreover,
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Table I. Material properties of BaTiO3—CoFe2O4 (Vy = 0.5).

c11 (GPa) c12 (GPa) c13 (GPa) ¢33 (GPa) c44(GPa)
226 125 124 216 44
es1 (C/m?) ess (C/m?) es (C/m?)
-2.2 9.3 5.8
hsi (N/Am)  hsg (N/Am)  hys (N/Am)
290.2 350 275

€11 (CQ/NIHQ)

56.4x 1010

€33 (CQ/NIHQ)

63.5x 10710

811 (Ns/VC)

5.367x10~ 12

B33 (Ns/VC)

2737.5x10712

y11 (Ns?/C?)

V33 (N52/Cz)

23

297x1076 83.5x1076

linear quadrilateral elements are used in all numerical experiments.

7.1. Validation: Griffith crack

First, to validate the extended finite element implementation, a straight crack of length
2a parallel to the z; axis in an infinite domain is considered. The crack is subjected to a
remote electromagnetomechanical load combination in the o direction: ¢85, DS, B5°. The

polarization direction of the material coincides with the x5 axis (Figure 4).

Gao et al. [2] derived the exact analytical solution for this problem using a complex potential
approach based on the extended version of Eshelby-Stroh’s formalism [35]. Details of the
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Figure 4. Griffith crack normal to the polarization direction of a MEE solid under remote loading.

procedure and the resulting field variables in the infinite cracked medium may be found in
Reference [2]. The infinite solid is modeled using a finite square computational domain with a
central crack. The resulting square plate width is 20a and it is loaded on its boundaries with the
fields derived from the exact solution [2]. The finite element mesh consists of N, x N, uniform
quadrilateral elements. The analytical solutions for the extended stress intensity factors (SIFs)

for electromagnetic impermeable crack face boundary conditions are given by

K; =o055vma, Ki; =0, Ki,=D Vma, Ky =B5"Vma. (49)
Note that the exact values are independent of the material properties for the Griffith crack.
The mode-I SIF K; coincides with the well-known value for an isotropic materials and it
depends only on the mechanical loading, being independent of the applied electric/magnetic
loads. Similarly, the electric displacement intensity factor Ky depends only on the applied

electric load D5°, whereas the magnetic induction intensity factor Ky depends only on the
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applied magnetic load BS°.

To obtain the X-FEM numerical results two enrichment strategies are adopted:

e The conventional X-FEM approach using a topological enrichment with the eight newly
derived functions. In this case only the nodes belonging to elements enclosing the crack
tip are enriched (Figure 3).

e A geometrical (fixed area) enrichment as proposed by Béchet et al. [36] and Laborde
et al. [37] to improve the X-FEM accuracy. In this case the enrichment, with the eight
functions derived, spans all nodes lying inside a circle of radius r. centered at the crack tip

(Figure 2). Two different radii are considered for the enriched domain: r./a = 0.2, 0.35.

Figures 6, 7 and 8 illustrate the convergence of the extended SIFs, by plotting in a log-
log scale the relation between the mesh density and the error percentage for K;, Ky and
Ky, respectively. In all cases geometrical enrichment performs quite better than topological
enrichment and results for r./a = 0.35 are superior to those obtained for r./a = 0.2, as
expected [36,37]. Good agreement with the exact solution is observed and the behavior of
the X-FEM results obtained for the MEE case is consistent with those previously observed in

isotropic [36] and piezoelectric [26] materials.

7.2. Slanted central crack in a magnetoelectroelastic plate

A finite MEE plate with a central inclined crack under combined electro-magneto-mechanical
loads is analyzed. In Figure 9, the geometry and loading, as well as one of the uniform meshes
used for solving the problem are depicted. The ratio between the crack length and plate
width is a/w = 0.2. The plate is under uniform tension in the x5 direction o4 and subjected
to both electric and magnetic loadings: Dy = 107095 CN™! and By = 10~ %093 A~ 'm. The
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Figure 6. Mode-I SIF convergence for Griffith crack under remote magneto-electro-mechanical loading.

polarization direction coincides with the x5 axis. The problem has been solved for two different
uniform meshes (50 x 100, 75 x 150), and three different angles of the crack with respect to
the x; axis (§ = 0°, 15°, 30°). The extended finite element solutions are compared with those
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Figure 7. Electric displacement intensity factor convergence for Griffith crack under remote magneto-

electro-mechanical loading.

obtained with the hypersingular BEM formulation developed by Garcia-Sachez et al. [13].

In Table IT the reference BEM results are listed, and in Table IIT the normalized extended
finite element results are presented for both topological enrichment and geometrical enrichment
with r./a = 0.35. The extended SIFs obtained using the X-FEM are in good agreement with
the BEM, with the geometrical enrichment strategy and the finer 75 x 150 mesh leading to

results that are closer to the reference BEM solution.

7.3. Double-edge crack in magnetoelectroelastic plate

A double-edge crack in a finite MEE plate under combined electro-magneto-mechanical loads
is analyzed. The geometry and loading, as well as one of the uniform meshes are illustrated
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Figure 8. Magnetic induction intensity factor convergence for Griffith crack under remote magneto-

electro-mechanical loading.

Table II. Reference boundary element SIFs for a slanted crack in a finite MEE plate.

BEM BEM BEM BEM
KI KII KIV KV

ooo\/TTa ooo\/TTa Dsoy/ma Boy/ma

0° | 1.0241 ~0 1.0226 | 1.0395

152 | 0.9562 | 0.2506 | 0.9869 | 1.0103

309 | 0.7720 | 0.4361 | 0.8845 | 0.9206

in Figure 10. The ratio between the crack length and the plate width is given by a/w = 0.25.
The load values and polarization angle are the same as in the previous example. Once again,
the ESIFs obtained for two (50 x 100, 75 x 150) different uniform meshes with the X-FEM
are in good agreement with the reference solution obtained by the dual BEM formulation [13]
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Figure 9. Inclined crack in a rectangular MEE plate: (a) problem configuration; and (b) 50 x 100 mesh.

(see Tables IV and V). The X-FEM results are presented for topological enrichment as well
as for geometrical enrichment with r./a = 0.2, 0.35. The latter enrichment strategy produces

the more accurate result, with an error of less than 1 percent on the 75 x 150 mesh.

8. CONCLUDING REMARKS

An extended finite element method formulation for the analysis of fracture problems in
bidimensional magnetoelectroelastic media was presented. New crack tip enrichment functions
that represent the eight eigenfunctions of the asymptotic crack-tip expansion were obtained by
extending the method proposed by Béchet et al. for piezoelectric solids [26] to MEE materials.
The derivation of the domain form of the interaction integral to compute fracture parameters
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Table III. Extended SIF's for slanted crack in a finite MEE plate.

0 ESIFs 50 x 100 mesh | 50 x 100 mesh | 75 x 150 mesh | 75 x 150 mesh
topological enr. | geometrical enr. | topological enr. | geometrical enr.
(re/a = 0.35) (re/a = 0.35)
0° | K;/KPEM 0.9911 1.0037 0.9916 1.0020
K1/ KBEM ; } } ;
Ky /KBFM 0.9940 1.0051 0.9952 1.0047
Ky /KBEM 0.9827 0.9894 0.9846 0.9941
15° | K;/KBEM 0.9918 0.9984 0.9951 1.0008
K/ KBEM 0.9885 1.0008 0.9876 0.9994
Ky /KEBFM 1.0181 1.0161 1.0186 1.0162
Ky /KJEM 0.9575 0.9839 0.9723 0.9881
30° | K;/KBEM 1.0062 1.0050 1.0116 1.0050
K/ KBEM 1.0071 1.0067 0.9998 1.0006
Ky /KEBFM 1.0178 1.0103 1.0137 1.0087
Ky /KJEM 0.9995 1.0083 0.9987 1.0013

Table IV. Reference boundary element extended SIF's for a double edge crack in a finite MEE plate.

KBEM KBEM KBEM KBEM
oa2y/Ta oa2y/Ta Da/ma Bay/ma
1.1197 - 1.1062 | 1.3636

was discussed in detail. The X-FEM results for several crack configurations were shown to

be in excellent agreement with known analytical or numerical solutions [2,13] for the stress,
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Figure 10. Double-edge crack in a rectangular MEE plate: (a) problem configuration; and (b) 50 x 100

mesh.

electric displacement and magnetic induction intensity factors. Two enrichment strategies
were adopted, namely a topological enrichment and a geometrical enrichment, where the
latter was substantially better in terms of accuracy, which is consistent with studies for both

isotropic [36,37] and piezoelectric media [26].

Appendix A: Definition of the two-dimensional characteristics

The two dimensional material parameteres introduced in Section 3 follow from the three

dimensional material properties defined in Section 2 as

1
2 2 2
ayp = 2(022(622’}/22 — a22) + 522h22 + Y22€59 — 2a22€22h22)
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Table V. Extended SIF's for a double edge crack in a MEE finite plate.

geometrical enr. | geometrical enr.

ESIFs topological enr.
(re/a = 0.20) (re/a =0.35)

50 x 100 mesh 50 x 100 mesh 50 x 100 mesh

K/ KBEM 0.9844 0.9850 0.9876
Koy [KBEM 0.9885 0.9885 0.9890
KV/K{;EM 0.9825 0.9915 0.9969
75 x 150 mesh | 75 x 150 mesh 75 x 150 mesh
K KBEM 0.9845 0.9862 0.9904
KIV/KIBVEM 0.9848 0.9901 0.9934
Ky /KBEM 0.9840 0.9938 1.0010
aip = —1(012(622722 — ay) + €22ho1has + Y22e21€22 — A2z (€21h2a — €22h21))

1
(722(c22€21 — C12€22) — 22(Ca2hor — €12h22) + hoa(hasear — haress))

by = —
21 =7
1
do1 = —— (e22(c12h22 — Ca2ha1) + ag2(co2e21 — C12€22) + €22(hosear — hajess))
1 2 2
Ao = 2(722(611622 + 621) +ea2hy; — 0522(0110522 + 2621h21))
1
bay = *2(722(612621 — cr1e22) — aga(ciahar — ci1hag) + hoi(haoear — hareas))
1
day = 2(622(011}122 — c12h21) + aoa(ciaear — crieaz) + e21(hasear — haieas))

1
a3z = E(Wufu - 04?1)

1
biz = 5(711613 — hizair)
dis = —=( hsenn)
13 = —plaies — hisen
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1
011 = E(’YllcSS + h%i’;)
1
A = fE(Oqngg + e13h13)
022 = 2(722(611622 — cla) +crrhly + c22hy — 2c12h12h2)
1 2
Aoy = _Z(szz(cuczz — Cl2) + c11€22ha2 + ca2e21ho1 — c12(e22han + e21ha2))
1 2
(i1 = 5(611033 +e13)
1 2 2 2
G2 = 2(522(611622 = Cia) + criezy + Caa€yy — 2c12€12€92)

where the Voigt notation has been used and

A = (cr1e2 — 15)(€22722 — a3,) + €31 (22722 + h3,) + €35(c11722 + h3,)
+20a92(e21(c12h22 — caohar) + eaa(ci2ha1 — c11ha2)) — 2e21€22(c12722 + ha1haz)
+e22(c11h3y + 223 — c12ha1hog)

and

B = e11(c33711 + h13%) — aqi(cszan + 2e13h13) + V11635
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