NORTHWESTERN UNIVERSITY

The Natural Element Method in Solid Mechanics

A DISSERTATION

SUBMITTED TO THE GRADUATE SCHOOL IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

for the degree

DOCTOR OF PHILOSOPHY

Field of Theoretical and Applied Mechanics

By Natarajan Sukumar

EVANSTON, ILLINOIS

June 1998

© Copyright by Natarajan Sukumar 1998 All Rights Reserved

ABSTRACT

The Natural Element Method in Solid Mechanics

Natarajan Sukumar

The Natural Element Method (NEM) is a recently proposed novel numerical tool for the solution of partial differential equations. In this work, the development and application of the natural element method to two-dimensional elliptic boundary value problems in solid mechanics is presented.

We assume the discrete model of a body Ω ⊂ R^2 consists of a set of distinct nodes N, and a polygonal description of the boundary ∂Ω. In the natural element method, the trial and test functions are constructed using natural neighbor interpolants. These interpolants are based on the Voronoi tessellation of the set of nodes N. The NEM interpolant is strictly linear between adjacent nodes on the boundary of the convex hull, which facilitates imposition of essential boundary conditions. A methodology to model material discontinuities and non-convex bodies such as cracks is described. A standard displacement-based Galerkin procedure is used to obtain the discrete system of linear equations. Application of NEM to various problems in two-dimensional elastostatics is presented.

The construction and computational implementation of a C^1 natural neighbor interpolant for fourth-order elliptic PDEs is presented. By embedding natural neighbor interpolants in the surface representation of a Bernstein-Bézier cubic simplex, a C^1 interpolant is realized (Farin, 1990b). We present the C^1 formulation and propose a computational methodology for its numerical implementation for the solution of PDEs. Numerical results for the biharmonic equation with Dirichlet boundary conditions are presented.

A mixed formulation for the natural element method in linear elastostatics is presented. A displacement-pressure mixed formulation is adopted with displacements interpolated by C^0 natural neighbor interpolants; C^0 and C^{−1} interpolation schemes are considered for the interpolation of the pressure. The mixed C^0–C^{−1} NEM formulation alleviates locking in the near incompressible limit (ν → 0.5) for the elastostatic boundary value problem; moreover, convergence rates in displacement and energy are optimal for all ν ∈ [0, 0.5). Results for benchmark problems in compressible and incompressible elasticity are presented.

ACKNOWLEDGMENTS

I am grateful to my advisor, Brian Moran, for his advice and encouragement during the course of my graduate studies at Northwestern University. I also thank Professors Ted Belytschko and Vladimir Volpert for serving on my thesis committee.

The many fruitful discussions over e-mail with Dr. David Watson and Professor Gerald Farin were extremely helpful in formalizing ideas as well as in pursuing new directions in my research. In particular, I thank Dr. Watson for taking the time to share his views and insights on natural neighbor interpolation with me. The contributors to the Usenet newsgroups sci.math.num-analysis, comp.graphics.algorithms, and

comp.text.tex deserve special mention for having provided me with tips and answers

to many lingering doubts and questions.

I have greatly benefited from the friendship and association with many individuals during the course of my study at Northwestern University. The members of the computational mechanics group have been a valuable source of knowledge in the field of solid mechanics: former graduate students Yi-An Chu, Michael Utschig, Yury Krongauz, Dan Organ, Mark Fleming, and Brian Donning; former post-docs Petr Krysl and Jean-Philippe Ponthot; and current graduate students Charles Gerlach, Laurrie Wittig, Frank Günther, Tom Black, Arancha Alarcón, Yong Guo, Vincent Tan, John Dolbow, Darin Diachin, Mike Singer, and Greg Wagner have contributed to my education-experience. The frequent research discussions with Tom and John over the past year have been especially helpful in developing a better understanding of the theoretical and computational issues in numerical methods.

Finally, I would like to express my whole-hearted gratitude to my parents for the values they instilled in me, and for their love and support in my academic endeavors.

Contents

Abstract iii

Acknowledgements v

Contents vi

List of Figures ix

List of Tables xi

1 Introduction 1

2 Galerkin Method for Linear Elliptic Problems 9 2.1 Linear Functional Analysis . . . . . . . . . . . . . . . . . . . . . . . . 9 2.1.1 Sobolev Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.1.2 Linear Functionals . . . . . . . . . . . . . . . . . . . . . . . . 13 2.1.3 Bilinear Forms . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.2 Variational Boundary Value Problem . . . . . . . . . . . . . . . . . . 15 2.3 Galerkin Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2.3.1 Approximability, Stability, and Convergence . . . . . . . . . . 20

3 Natural Neighbor Interpolation 24 3.1 Voronoi Diagram and Delaunay Tessellation . . . . . . . . . . . . . . 24 3.2 Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.3 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.3.1 Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.3.2 Partition of Unity . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.3.3 Linear Completeness . . . . . . . . . . . . . . . . . . . . . . . 34 3.3.4 Supports and Natural Neighbors . . . . . . . . . . . . . . . . . 36 3.3.5 Smoothness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.3.6 Interpolation in One-Dimension . . . . . . . . . . . . . . . . . 42

3.3.7 Interpolation in Two-Dimensions . . . . . . . . . . . . . . . . 43 3.3.8 Interpolation in Multi-Dimensions . . . . . . . . . . . . . . . . 50 3.3.9 Linear Precision on the Boundary ∂Ω . . . . . . . . . . . . . . 50 3.4 Numerical Computational Procedure for NEM Shape Functions . . . 56 3.4.1 Area of a Triangle . . . . . . . . . . . . . . . . . . . . . . . . . 56 3.4.2 Circumcenter and Circumradius of a Triangle . . . . . . . . . 57 3.4.3 Shape Function Computations . . . . . . . . . . . . . . . . . . 59 3.4.4 Computational Costs . . . . . . . . . . . . . . . . . . . . . . . 68 3.5 NEM, FEM, and Meshless Methods . . . . . . . . . . . . . . . . . . . 69

4 Natural Element Method for Two-Dimensional Elasticity 72 4.1 Treatment of Material Discontinuities . . . . . . . . . . . . . . . . . . 72 4.2 Modeling of Non-Convex Bodies . . . . . . . . . . . . . . . . . . . . . 74 4.2.1 Enriching the Interpolant for Crack Problems . . . . . . . . . 76 4.3 Governing Equations and Weak Form . . . . . . . . . . . . . . . . . . 78 4.3.1 Strong Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 4.3.2 Weak Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 4.3.3 Discrete System and NEM Implementation . . . . . . . . . . . 82 4.4 Numerical Results and Discussions . . . . . . . . . . . . . . . . . . . 85 4.4.1 Eigenanalysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 4.4.2 Patch Tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 4.4.3 Infinite Plate with a Circular Hole . . . . . . . . . . . . . . . 93 4.4.4 Cantilever Beam . . . . . . . . . . . . . . . . . . . . . . . . . 98 4.4.5 Hollow Cylinder under Internal Pressure . . . . . . . . . . . . 102 4.4.6 Infinite Plate with an Inclusion . . . . . . . . . . . . . . . . . 109 4.4.7 Edge-Cracked Plate under Tension . . . . . . . . . . . . . . . 113

5 C^1 Natural Neighbor Interpolant for the Biharmonic Equation 121

5.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 5.2 C^1 Natural Neighbor Interpolant . . . . . . . . . . . . . . . . . . . . 123 5.2.1 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128 5.2.2 NEM Trial Function . . . . . . . . . . . . . . . . . . . . . . . 132 5.3 Numerical Computation of Shape Functions . . . . . . . . . . . . . . 135 5.3.1 Bernstein-Bézier Basis Functions . . . . . . . . . . . . . . . . 135 5.3.2 Construction of Transformation Matrix [T] . . . . . . . . . . . 138 5.3.3 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147 5.4 Governing Equations and Weak Form . . . . . . . . . . . . . . . . . . 153 5.5 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 5.5.1 Airy Stress Function . . . . . . . . . . . . . . . . . . . . . . . 157 5.5.2 Clamped Circular Plate . . . . . . . . . . . . . . . . . . . . . 161

5.5.3 Eigenanalysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

6 Mixed Natural Element Method in Linear Elasticity 170 6.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170 6.2 Displacement and Pressure Interpolation . . . . . . . . . . . . . . . . 173 6.3 Governing Equations and Mixed Formulation . . . . . . . . . . . . . . 175 6.3.1 Strong Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175 6.3.2 Weak Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176 6.3.3 Discrete System for NEM . . . . . . . . . . . . . . . . . . . . 179 6.4 Numerical Results and Discussions . . . . . . . . . . . . . . . . . . . 181 6.4.1 Cantilever Beam . . . . . . . . . . . . . . . . . . . . . . . . . 181 6.4.2 Infinite Plate with a Circular Hole . . . . . . . . . . . . . . . 186

7 Conclusions 191

References 196

List of Figures

2.1 Schematic representation of convergence in Galerkin methods. . . . . 22

3.1 Geometric structures for a set N of seven nodes. . . . . . . . . . . . . 29 3.2 Construction of natural neighbor coordinates. . . . . . . . . . . . . . 31 3.3 Support for NEM shape function. . . . . . . . . . . . . . . . . . . . . 37 3.4 Voronoi neighbors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.5 Variation of natural neighbors for a regular grid. . . . . . . . . . . . . 40 3.6 Variation of natural neighbors for an irregular grid. . . . . . . . . . . 41 3.7 NEM shape functions in one-dimension. . . . . . . . . . . . . . . . . . 44 3.8 Barycentric coordinates (n = 3). . . . . . . . . . . . . . . . . . . . . . 48 3.9 Bilinear interpolation on a regular grid (n = 4). . . . . . . . . . . . . 48 3.10 Linear behavior of u^h(ξ) along the boundary of a convex domain. . . 53 3.11 Linear behavior of u^h(x) along the boundary of a non-convex domain. 55 3.12 Circumcenter and circumradius of a triangle. . . . . . . . . . . . . . . 59 3.13 Computation of natural neighbor shape functions. . . . . . . . . . . . 62

4.1 Bimaterial configuration (Ω = Ω_1 ∪ Ω_2). . . . . . . . . . . . . . . . . 73 4.2 Crack modeling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 4.3 Elastostatic boundary value problem. . . . . . . . . . . . . . . . . . . 78 4.4 Displacement patch test. . . . . . . . . . . . . . . . . . . . . . . . . . 90 4.5 Equilibrium (uniaxial tension) patch test. . . . . . . . . . . . . . . . . 94 4.6 Plate with a circular hole under tension. . . . . . . . . . . . . . . . . 95 4.7 Nodal discretization for the plate with a hole problem. . . . . . . . . 97 4.8 Comparison of σ_{11} for NEM and the exact solution along a radial line. 98 4.9 Rate of convergence for the plate with a hole problem. . . . . . . . . 99 4.10 Cantilever beam model. . . . . . . . . . . . . . . . . . . . . . . . . . 101 4.11 Nodal discretization for cantilever beam model (85 nodes). . . . . . . 102 4.12 Rate of convergence for the cantilever beam problem. . . . . . . . . . 103 4.13 Comparison of NEM and analytical stresses for the cantilever beam model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 4.14 Hollow cylinder under internal pressure p_i. . . . . . . . . . . . . . . . 106

4.15 Sample nodal discretizations for the hollow cylinder under internal pressure problem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 4.16 Rate of convergence for the hollow cylinder under internal pressure problem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 4.17 Comparison of the radial and hoop stresses for the hollow cylinder under internal pressure problem. . . . . . . . . . . . . . . . . . . . . . 110 4.18 Inclusion embedded in an infinite matrix. . . . . . . . . . . . . . . . . 111 4.19 Nodal discretization for inclusion in an infinite matrix problem. . . . 112 4.20 Comparison of NEM and the exact solution for an inclusion with a dilatational eigenstrain in an infinite matrix. . . . . . . . . . . . . . . 116 4.21 Edge-cracked plate under tension. . . . . . . . . . . . . . . . . . . . . 119

5.1 Cubic Bernstein-Bézier triangular patch. . . . . . . . . . . . . . . . . 125 5.2 Projection of the control net of a cubic tetrahedron onto the plane. . 127 5.3 Evaluation of the Bézier ordinates for a cubic triangular surface patch. 131 5.4 Support for C^1(Ω) NEM shape function. . . . . . . . . . . . . . . . . 136 5.5 Storage structure for the transformation matrix [T]. . . . . . . . . . . 142 5.6 Bézier ordinates used in the algorithm for a pentagonal simplex. . . . 142 5.7 Quarter circular plate. . . . . . . . . . . . . . . . . . . . . . . . . . . 159 5.8 Plot of w and w_{,r} versus r for the Airy stress function problem. . . . 161 5.9 Variation of normalized center displacement with number of nodes for the uniformly loaded clamped circular plate. . . . . . . . . . . . . . . 164 5.10 Plot of w and w_{,r} versus r for the uniformly loaded clamped circular plate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165 5.11 Rate of convergence in displacement and energy for the uniformly loaded clamped circular plate. . . . . . . . . . . . . . . . . . . . . . . 166

6.1 Rate of convergence in displacement for the cantilever beam problem. 184 6.2 Rate of convergence in energy for the cantilever beam problem. . . . . 185 6.3 Variation of the pressure parameter p for the beam model. . . . . . . 186 6.4 Variation of hydrostatic pressure for the beam model. . . . . . . . . . 187 6.5 Rate of convergence in displacement for the plate with a hole problem. 189 6.6 Rate of convergence in energy for the plate with a hole problem. . . . 190

List of Tables

3.1 Pseudo-code for natural neighbor shape function computations at x. . 65

4.1 Linear independence of C^0 shape functions. . . . . . . . . . . . . . . . 87 4.2 Relative error norms for the displacement patch test. . . . . . . . . . 92 4.3 Relative error norms for the equilibrium patch test. . . . . . . . . . . 94 4.4 Normalized K_I : Edge-cracked plate under tension. . . . . . . . . . . . 120

5.1 Pseudo-code for construction of the transformation matrix [T]. . . . . 143 5.2 Relative error norms for the Airy stress function problem. . . . . . . . 160 5.3 Normalized center displacement for the uniformly loaded circular plate. 163 5.4 Condition number of the mass matrix. . . . . . . . . . . . . . . . . . 167 5.5 Normalized fundamental frequency for the clamped circular plate. . . 169

6.1 Normalized end displacement for the cantilever beam problem. . . . . 183