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Abstract
A novel maximum-entropy meshfree method that we recently introduced in
Ref. [1] is extended to Stokes flow in two dimensions and to three-dimensional
incompressible linear elasticity. The numerical procedure is aimed to remedy two outstanding issues in meshfree methods: the development of an
optimal and stable formulation for incompressible media, and an accurate
cell-based numerical integration scheme to compute the weak form integrals.
On using the incompressibility constraint of the standard u-p formulation, a
u-based formulation is devised by nodally averaging the hydrostatic pressure
around the nodes. A modified Gauss quadrature scheme is employed, which
results in a correction to the stiffness matrix that alleviates integration errors in meshfree methods, and satisfies the patch test to machine accuracy.
The robustness and versatility of the maximum-entropy meshfree method
is demonstrated in three-dimensional computations using tetrahedral background meshes for integration. The meshfree formulation delivers optimal
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rates of convergence in the energy and L2 -norms. Inf-sup tests are presented
to demonstrate the stability of the maximum-entropy meshfree formulation
for incompressible media problems.
Key words: elasticity, Stokes problem, volumetric locking, numerical
integration, maximum-entropy principle, meshfree methods
1. Introduction
In the analysis of time-independent incompressible media problems, the
Stokes problem provides a means to study the behavior of both solids and
fluids. In solid mechanics, the Stokes equations arise in the treatment of incompressible linear elastic isotropic materials, whereas in fluid mechanics the
Stokes equations emerge in the analysis of slow (typically, high-viscous) timeindependent flows. The weak form for the Stokes boundary-value problem
leads to a saddle-point problem, which is identified with mixed variational formulations [2, 3]. In the saddle-point problem, mathematical relations need to
be fulfilled between the approximations chosen for the displacement (or velocity) and pressure fields—not all choices for these approximation spaces lead
to stability. The stability of such mixed formulations is characterized by the
celebrated Ladyzhenskaya-Babuška-Brezzi (LBB) inf-sup condition [2, 4, 5].
The analytical proof to establish LBB-stability is either cumbersome [6] or
impossible to accomplish for distorted finite elements [7], which has led to
the development of other approaches that by-pass the inf-sup condition [8, 9].
Alternatively, a numerical test to verify the inf-sup condition has been developed [7], which can be readily performed over any finite element discretization. Finite element spaces for the displacement (or velocity) and pressure
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that pass the numerical (Chapelle-Bathe) inf-sup test are likely to satisfy its
analytical counterpart [10].
The finite element literature is replete with use of mixed formulations
and their stability analysis for incompressible media problems (for example, see Refs. [11, 12]). The performance and comparison among several
stabilization procedures for finite elements is provided in Ref. [13]. However, less attention has been given to meshfree methods. In solid mechanics, displacement-pressure mixed formulations have been adopted for different meshfree methods in Refs. [14, 15, 16, 17] among others. In fluid
mechanics, Desimone et al. [18] formulated a velocity-pressure mixed formulation using moving least-squares approximation, and a LBB-stable meshfree
procedure that combines boundary integral formulation with moving leastsquares approximation was employed by Li and Zhu [19] and Li [20] in a
Galerkin velocity-pressure mixed formulation. Huerta et al. [21] devised an
element-free Galerkin method using approximations that asymptotically become divergence-free as the discretization is refined. Other approaches where
the LBB condition does not appear as a stability criterion have also been
studied with meshfree methods [22, 23, 24, 25, 26, 27]
The study of stability in meshfree mixed formulations is rendered difficult
due to the rational form of meshfree basis functions and the absence of an
element structure in the construction of the meshfree approximation. For
instance, Dolbow and Belytschko [14] and De and Bathe [15] emphasize the
difficulty in obtaining an analytical proof to the inf-sup condition and in
passing the inf-sup test. A stable meshfree formulation for incompressible
media based on mixed formulations is, in general, an outstanding issue in
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meshfree methods. A few instances of meshfree methods that violate the
LBB condition have also been developed within the framework of stabilized
methods [28, 29, 30].
Galerkin-based meshfree methods are based on rational (non-polynomial)
basis functions whose supports do not coincide with the union of background
cells that are employed in the numerical integration. Due to the latter, inaccuracies in the numerical integration of weak form integrals appear. The numerical integration issue was first addressed by Dolbow and Belytschko [31].
To alleviate integration errors, they suggested the use of integration cells
aligned with the support of basis functions. The aforementioned procedure
is computationally expensive; instead, higher-order Gauss quadrature is usually employed. A theoretical study on the influence of numerical quadrature
errors in meshfree methods was recently put forth by Babuška et al. [32].
In Ref. [32] a recipe to correct the computed stiffness matrix is proposed to
eliminate the inaccuracy in the numerical integration. In Ortiz et al. [1], we
introduced a modified integration scheme which reduced integration errors
in general and suppressed them entirely for the constant strain patch test.
In this paper, we extend the Galerkin-based meshfree method presented
in Ref. [1] to two-dimensional Stokes flow and to three-dimensional analysis
of incompressible elastic solids. In a nutshell, the method consists of developing a displacement or velocity-based formulation by nodally averaging
the hydrostatic pressure around the nodes in the divergence-free constraint.
Additionally, numerical inf-sup tests are presented to establish the stability
of the formulation, and optimal convergence in energy- and L2 -norms is established. The remainder of this paper is organized as follows. In Section 2,
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a short introduction to maximum-entropy basis functions is presented. In
Section 3, the new meshfree formulation for incompressible problems is developed, and in Section 4, the inf-sup test is described for the maximumentropy meshfree method. Numerical examples are presented in Section 5
for benchmark linear problems in both solids and fluids to demonstrate the
effectiveness of the proposed procedure for time-independent incompressible
media problems. We also demonstrate that the meshfree formulation passes
the Chapelle-Bathe inf-sup test [7] on several benchmark problems. Finally,
we conclude with some final remarks in Section 6.
2. Maximum-entropy basis functions
In three dimensions, the constant and linear reproducing conditions, namely,
Pn
Pn
a=1 φa (x)xa = x do not prescribe unique basis funca=1 φa (x) = 1 and
tions for n > 4 (more unknowns than linear equations). On viewing basis

functions as discrete probabilities, it is suitable to apply the principle of
maximum entropy [33] to find the least-biased probability distribution. The
Shannon entropy is used by Sukumar [34] to construct max-ent basis functions on polygons, whereas a modified entropy functional for meshfree methods is proposed by Arroyo and Ortiz [35]. A generalization of the entropy
functional of Ref. [35] is further developed in Sukumar and Wright [36] on
using the notion of a ‘prior’ within the Shannon-Jaynes entropy functional.
We adopt the latter approach in this paper. Although any meshfree basis
function can be employed in our formulation, the weak Kronecker-delta property that max-ent basis functions posses on the boundary [35] makes them
appealing for a meshfree method since it enables the direct imposition of
5

essential boundary conditions as in finite elements1 .
Consider a weight function wa (x) associated with node a. On using
the Shannon-Jaynes entropy functional, the set of max-ent basis functions
{φa (x) ≥ 0}na=1 is obtained via the solution of the following convex optimization problem:
n
X



φa (x)
φa (x) ln
maxn −
φ∈R+
wa (x)
a=1



(1a)

subject to the linear reproducing conditions:
n
X

φa (x) = 1,

a=1

n
X

φa (x)x̃a = 0

(1b)

a=1

where x̃a = xa − x are shifted nodal coordinates and Rn+ is the non-negative
orthant. If wa (x) = 1 for all a, then the Shannon entropy functional,
P
− a φa lna , is recovered. In practice, any weight function that is compactly-

supported and at least C 0 -continuous may be used. Typical weight functions

are smooth Gaussian radial basis functions [35]
wa (x) = exp(−βa kxa − xk2 )

(2a)

and C 2 quartic polynomials [40]

1


 1 − 6q 2 + 8q 3 − 3q 4
wa (q) =
 0

0≤q≤1

(2b)

q>1

Most available meshfree basis functions would typically not vanish on the boundary

and as such special procedures are needed to enforce essential boundary conditions [37,
38, 39].
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where βa = γ/h2a ; γ is a parameter that controls the support-width of the
basis function at node a; and ha is a characteristic nodal spacing that may be
distinct for each node a. In n dimensions, we set ha as the distance to the nnearest neighbor from node a. For the quartic polynomial, q = kxa − xk/ρa
and ρa = γha is the radius of the basis function support at node a. In
a recent study on max-ent meshfree methods [41], it has been shown that
substantial improvements in accuracy are realized by letting the supportwidth parameters as unknowns and solving for them through the variational
structure (minimizing principle) of the continuum problem.
On using the procedure of Lagrange multipliers, the solution of the variational statement (1) is [36]:
Za (x; λ∗ )
φa (x) =
,
Z(x; λ∗ )

Za (x; λ∗ ) = wa (x) exp(−λ∗ · x̃a )

where the partition function Z(x; λ∗ ) =

P

b

(3)

Zb (x; λ∗ ), and in three dimen-

sions x̃a = [x̃a ỹa z̃a ]T and λ∗ = [λ∗1 λ∗2 λ∗3 ]T . In (3), the Lagrange multiplier
vector λ∗ is the minimizer of the dual of the optimization problem posed
in (1)
λ∗ = arg min3 ln Z(x; λ)

(4)

λ∈R

which gives rise to the following system of nonlinear equations:
n
X
f(λ) = ∇λ ln Z(λ) = −
φa (x)x̃a = 0

(5)

a

where ∇λ stands for the gradient with respect to λ. Once the converged λ∗

is found, the basis functions are computed from (3) and the gradient of the
basis functions is [40]
(
∇φa = φa

n

 ∇wa X
∇wb
x̃a · (H)−1 − (H)−1 · A +
−
φb
wa
wb
b=1
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)

(6a)

where
A=

n
X
b=1

φb x̃b ⊗

∇wb
wb

(6b)

and H is the Hessian matrix defined by
H = ∇λ f = ∇λ ∇λ ln Z =

n
X
b=1

φb x̃b ⊗ x̃b

(6c)

In Fig. 1, plots of a max-ent basis function computed with a Gaussian prior
for various support-width parameter γ are illustrated for two dimensions.
For γ = 2, plots of the Gaussian weight function and the corresponding
max-ent basis function along with their derivatives are shown in Fig. 2. For
the Gaussian prior, (6a) reduces to [35]
∇φa = φa H−1 · x̃a

(7)

3. Governing equations and variational formulation
3.1. Strong form
Consider a body defined by an open bounded domain Ω ⊂ Rn (n =
{2, 3}) with boundary Γ such that Γ = Γu ∪ Γt and Γu ∩ Γt = ∅. A nearlyincompressible linear isotropic elastic solid or fluid under static loads and no
body force is governed by the following equations [42]:
∇ · σ = 0 in Ω
p
∇ · u + = 0 in Ω
η
8

(8a)
(8b)

(a)

(b)

(c)

Fig. 1: Plots of a maximum-entropy basis function computed with a Gaussian
prior for three values of γ. Note that the locality of the basis function is
affected but it always vanishes on the boundary. (a) γ = 1; (b) γ = 2; and
(c) γ = 3.
and the following essential (displacement or velocity) and natural (traction)
boundary conditions imposed on Γu and Γt , respectively:
u = ū on Γu
σ · n = t̄ on Γt

(8c)
(8d)

where the Cauchy stress tensor σ is related to the strain tensor ε and the
pressure parameter p by the following isotropic linear elastic constitutive
relation:
σ(u, p) = −pI + 2µε(u)

(8e)

In (8) η and µ are identified with the first and second Lamé parameters
of the solid, whereas a penalty parameter and the dynamic viscosity of the
fluid, respectively. The penalty parameter is usually taken as η ∼ 107 µ [42].
The kinematic relation between the strain tensor ε and the displacement or
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(a)

(b)

(c)

(d)

(e)

(f)

Fig. 2: Plots of Gaussian prior (γ = 2) and maximum-entropy basis function
and their derivatives for node a. Note that wa (xa ) = 1, but φa (xa ) 6= 1,
and hence the interior basis function φa does not satisfy the Kronecker-delta
property. The smoothness of the basis function and its derivatives are inherited from the Gaussian prior. (a) Gaussian prior, wa ; (b) ∂wa /∂x; (c)
∂wa /∂y; (d) φa ; (e) ∂φa /∂x; and (f) ∂φa /∂y.
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velocity vector u is:
ε=

1
[u ⊗ ∇ + ∇ ⊗ u]
2

(9)

3.2. Weak form
For Galerkin-based mixed formulations with u, v as the trial and test
displacement (or velocity) functions, and p, q as the trial and test hydrostatic
pressure functions, the weak form of (8) reads [42]:
Find u ∈ U and p ∈ P such that
a(u, v) − b(p, v) = (t, v) ∀v ∈ V
1
b(q, u) + (p, q) = 0 ∀q ∈ P
η

(10a)
(10b)

where U ⊂ H1 (Ω), V ≡ H10 (Ω) and P ≡ L20 (Ω) are the usual Sobolev
spaces. The bilinear forms a(·, ·) and b(·, ·) are given by
Z
a(u, v) = 2µ ε(u) : ε(v) dΩ
ZΩ
b(q, v) =
q∇ · v dΩ

(10c)
(10d)

Ω

whereas the linear form (t, ·) is
(t, v) =

Z

Γt

t · v dΓ

(10e)

3.3. Discrete weak form
Our objective is to obtain a formulation solely in terms of the primary
variable u. To this end, we write the pressure field in terms of nodal pressure values that are obtained by volume-averaging of the divergence-free constraint in a neighborhood of a given node. This procedure has been previously
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adopted in finite element and meshfree studies [43, 44, 45, 46]. Consider the
following discretizations for the displacement (or velocity) and pressure (trial
and test functions) over a background mesh of triangles or tetrahedra:
uh (x) =
ph (x) =

N
X

a=1
N
X

φa (x)ua , vh (x) =
Na (x)pa , qh (x) =

a=1

N
X

a=1
N
X

φa (x)va

(11a)

Na (x)qa

(11b)

a=1

where N = {3, 4}, uh ∈ Uh ∈ U and ph ∈ Ph ∈ P; φa are max-ent basis

functions and Na are standard finite element shape functions.2 We point
out that in order to ensure stability of the solution [42], the displacement

(or velocity) approximation is enhanced with an extra node in the interior
of each triangle or tetrahedron (see Fig. 3), which bears resemblance to the
so-called MINI element [47]. However, in the meshfree case the basis function
related to the interior node does not necessarily vanish on the boundary of
the element. On substituting (11) into the weak form (10b) and relying on
the arbitrariness of nodal pressure test functions yields
N Z
X
b=1

N

1X
Na m B̂b ub dΩ +
η b=1
Ω
T

Z

Na Nb pb dΩ = 0

(12)

Ω

and performing row-sum in the pressure term leads to
N Z
X
b=1

2


 Z

1
Na m B̂b dΩ ub +
Na dΩ pa = 0
η Ω
Ω
T

(13)

Note that since the derivative of the pressure does not appear in the weak form, there is

no need to use meshfree basis functions and hence we adopt finite element shape functions
in the discretization of the pressure.
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a

Fig. 3: Mesh to compute volume-averaged nodal pressure around a representative node a. Filled black circles represent displacement or velocity nodes
and open circles are for pressure nodes.
Now, solving for pa in (13), the following volume-averaged nodal pressure is
obtained [1]:
pa = −η

N
X
b=1

(R

N mT B̂b dΩ
Ω̄ R a
N dΩ
Ω̄ a

)

ub

(14)

where mT = [1 1 0] in two dimensions or mT = [1 1 1 0 0 0] in three dimensions.
For the purpose of computation of integrals in (14), Ω̄ is the union of
all the elements attached to node a, i.e., Ω̄ = ∪Ωea . A reference mesh
for our proposed method in two dimensions is illustrated in Fig. 3. In
three dimensions the 3-node triangle is replaced by a 4-node tetrahedron.
A similar approach but with different roots has been recently proposed by
Krysl and Zhu [46] for finite elements within a nodal integration framework.
In (14), B̂a (x) is a special form of the standard strain matrix Ba (x) associated with node a, i.e., the matrix that results from the discretization of (9)
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using uh (x) =

PN

a=1

φa (x)ua ,

in two dimensions or



φa,x

0



Ba (x) =  0 φa,y

φa,y φa,x


φa,x

0






0

(15)





0 


0
0 φa,z 


φa,y φa,x 0 


φa,z 0 φa,x 

0 φa,z φa,y
P
in three dimensions, and which defines εh = N
a=1 Ba (x)ua .






Ba (x) = 







0

φa,y

(16)

In Ref. [1], we have shown that the use of (15) in the numerical integra-

tion of the weak form (10) using standard (STD) Gauss quadrature may lead
to inaccurate results. Similarly, the same applies for (16). The reason for
such inaccuracies is well-documented in Ref. [31] and can be understood due
to the following characteristic of meshfree basis functions. Meshfree basis
functions are rational (non-polynomial) functions and their support do not
coincide with the union of background cells that are employed in the numerical integration. When performing numerical integration of the weak form,
multiplication between Ba ’s for two distinct nodes arises. This in turn leads
to multiplication between basis function derivatives (for instance, φa,x φb,y )
whose support is the intersection of the support of φa and φb and as such
can differ appreciably from the union of the cells used in the numerical integration. As a consequence, significant numerical errors can be expected
14

from the numerical integration using (15) or (16). In an endeavor to alleviate integration errors in meshfree methods, we have devised a modified
(MOD) numerical integration scheme in Ref. [1]. The procedure is summarized as follows. Let us consider the following modified strain (resemblance
to assumed strain methods [48]) in a certain 3-node triangular or 4-node
tetrahedral background (integration) cell:
ε̂ = ε − ε̄ + ¯ε̄

(17)

where ε is the standard small strain tensor, ε̄ is the volume average strain
tensor over the background cell, and ¯ε̄ corresponds to ε̄ written as a surface
integral by means of Green’s theorem. The corresponding equations are
1
[u ⊗ ∇ + ∇ ⊗ u]
2 Z
1
ε dΩ
ε̄ = e
V Ωe
Z
1
1
¯ε̄ =
[u ⊗ n + n ⊗ u] dΓ
e
V Γe 2
ε=

(18a)
(18b)
(18c)

where (18c) is used in nodally-integrated finite element and meshfree methods [49]. In the numerical examples that are presented in this paper, we
refer to the integral in (18b) as the volume integral and the integral in (18c)
as the surface integral. When linearly complete finite elements are used,
(18b) and (18c) yield the same result with ε̄ = ¯ε̄, and the standard strain
tensor is recovered. However, for meshfree basis functions ε̄ 6= ¯ε̄, in gen-

eral. The latter observation allows one to see ε̄ − ¯ε̄ as a correction that is
introduced into the stiffness matrix such that the integration error is reduced

when the same Gauss quadrature rule is employed to integrate ε as well as
ε̄. On the other hand, the evaluation of (18c) is carried out using Gauss
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quadrature along the boundary of the cell. The explicit form of B̂a (x) is
P
obtained by discretizing (17) with uh (x) = N
a=1 φa (x)ua , which yields
¯
B̂a (x) = Ba (x) − B̄a + B̄
a

(19a)

where in two and three dimensions
B̄a =

n
X

Ba (xp )wp

(19b)

p=1

whereas in two dimensions
)
( m
3
X
X
1
¯ =
¯ (ξ )|J(ξ )|w
B̄
N̄
a
a r
r
r
Ae L=1 r=1


φa nx
0



¯ (ξ ) = 
N̄
 0
φa ny 
a r


φa ny φa nx

(19c)

(19d)

or in three dimensions

( m
)
4
X
X
1
¯ =
¯ (x )w AL
B̄
N̄
a
a
r
r
V e L=1 r=1


φa nx
0
0




 0
φa ny
0 






0
0
φ
n
a
z
¯ (x ) = 

N̄
a
p


 φa ny φa nx
0 




 φa nz
0
φa nx 


0
φa nz φa ny

(19e)

(19f)

¯ is evaluated along the boundary of
In two as well as three dimensions, N̄
a
¯
the element. Note that when B̄a − B̄a = 0, the standard strain matrix Ba is
recovered.
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Now, substituting (11) along with the nodal pressure expression (14) into
the weak form (10a), and appealing to the arbitrariness of nodal test functions, the following discrete system of equations is obtained:
Kd = f

(20a)

where d is the vector of nodal coefficients and
( 3
)
Z
Z
X
Kab =
B̂T
B̂T
Nc Qcb dΩ
a C̄B̂b dΩ −
am
Ω

fa =

Z

Ω

(20b)

c=1

φa t̄ dΓ

(20c)

Γt

with


2µ 0 0


C̄ =  0 2µ 0

0 0 µ

for plane strain or



2µ

0

0

2µ

0

0

0

0

0

0

0

0







C̄ = 







0







(20d)

0 0 0



0 0 0 


2µ 0 0 0 


0 µ 0 0 


0 0 µ 0 

0 0 0 µ
0

in three dimensions and
(R
Qcb = −η



N mT B̂b dΩ
Ω̄ R c
N dΩ
Ω̄ c
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)

(20e)

(20f)

Note that only unknowns related to u appear in the system given in (20). The
pressure field p can be computed a posteriori from the u field through (14).
The numerical evaluation of the integrals appearing in (20) is performed over
the background mesh of triangles or tetrahedra using the modified numerical
integration scheme that was described earlier.
4. Inf-sup condition and numerical inf-sup test
Consider the bilinear forms appearing in the weak form (10). The optimality and stability of the mixed formulation is guaranteed if the consistency
of the approximation, the ellipticity of a(·, ·) on the null space of b(·, ·) and
the LBB inf-sup condition [2, 4, 5] on b(·, ·) are satisfied [10]. By construction, max-ent basis functions satisfy the linear consistency required by the
weak form (10). On the other hand, if numerical integration is accurate
enough—which is the case herein (see Section 3.3), the ellipticity condition
is always met by displacement or velocity-pressure mixed formulations [50].
What remains to be established for the stability of the meshfree formulation
is the satisfaction of the inf-sup condition [2, 4, 5]:
Z
|qh ∇ · vh | dΩ
Ω
inf
sup
= αh ≥ α > 0
qh ∈H0 (Ω) v ∈H1 (Ω)
kqh k0 kvh k1
h
0

(21)

holds with α a positive constant independent of h. Since in our formulation
the pressure field is eliminated by writing it as a function of the displacement
(or velocity) field, i.e., qh ≡ qh (wh ), the following equivalent form of the infsup condition is useful:
inf

sup

wh ∈H10 (Ω) vh ∈H1 (Ω)
0

Z

Ω

|qh (wh )∇ · vh | dΩ

kqh (wh )k0 kvh k1
18

= αh ≥ α > 0

(22)

The condition in (22) is verified through the numerical inf-sup test [7, 10].
To this end, let us consider the matrix (numerical) form of (22), namely
WhT Gh Vh
p
inf sup p T
= αh ≥ α > 0
Wh Vh
Wh Gh Wh VhT Sh Vh

(23)

where Wh and Vh are vectors corresponding to the nodal displacement or
velocity test functions wh and vh with
Z
2
kqh (wh )k0 = (qh (wh ))2 dΩ = WhT Gh Wh

(24)

Ω

and
kvh k21

=

2
Z X
2 
∂(vh )i
∂xj

Ω i,j=1

dΩ = VhT Sh Vh

(25)

In our meshfree formulation, matrices Gh and Sh in two dimensions are given
by
Ghab =

Z

B̂T
am

Ω

Shab =

Z

Ω

3
X

Nc

c=1




(R

N mT B̂b dΩ
Ω̄ R c
N dΩ
Ω̄ c

)

dΩ

φa,x φb,x + φa,y φb,y

0

0

φa,x φb,x + φa,y φb,y

(26a)


 dΩ

(26b)

The numerical evaluation of the inf-sup value αh in (23) is based on the
solution of the following generalized eigenvalue problem, which is computed
on a sequence of refined meshes [7, 10]:
Gh ψ = ωSh ψ

(27)

If the eigenvalues are set in increasing order, then the smallest nonzero eigenvalue ωk is used to compute the numerical inf-sup value αh as [7, 10]
αh =

√
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ωk

(28)

provided that there are no spurious pressure modes. The number of pressure
modes can be anticipated from [10]
kpm = k − (nu − np + 1)
where nu is the number of displacement or velocity degrees of freedom and
np the number of pressure degrees of freedom. A formulation that passes
the inf-sup test must do so with kpm = 0 (no pressure modes) or if kpm > 0
(constant or spurious pressure modes), the pressure modes must be constant
pressure modes as these can be removed by appropriate modification of the
essential boundary conditions [10, 6]. Hence, a formulation that is free of
spurious pressure modes and does not show a decrease towards a vanishing
αh with mesh refinement is said to pass the inf-sup test. In Section 5.5,
we show that the inf-sup test is passed by the maximum-entropy meshfree
method for several benchmark problems.
5. Numerical examples
We now examine the performance of the maximum-entropy meshfree
method (MEM) for three-dimensional analysis of incompressible linear elastic
solids and for Stokes flow in two dimensions. In the numerical experiments,
¯ = 0) and MOD for
STD stands for standard Gauss quadrature (i.e., B̄ − B̄
a

a

¯ 6= 0).
the modified integration scheme described in Section 3.3 (i.e., B̄a − B̄
a

Unless stated otherwise, we use MOD with a second-order accurate scheme
for both the volume and surface integrals. Low-order (4-node) tetrahedral
meshes are well-known to behave poorly for the analysis of incompressible
solids, which has spurred research on special finite element formulations to
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overcome this deficiency [43, 44, 51, 52, 53, 45, 54, 46]. In three dimensions it is possible to obtain poor tessellations (i.e, near slivers), which can
lead to inaccurate results using finite elements. In this instance, the use of
meshfree basis functions appears as a more robust alternative since these
basis functions do not depend on the element topology. We consider two
three-dimensional benchmark problems in incompressible linear elasticity to
illustrate the capability of our proposed meshfree method on unstructured
tetrahedral meshes.
5.1. Three-dimensional cantilever beam
In this example, we study a three-dimensional cantilever beam subjected
to an end load to establish the robustness of the maximum-entropy meshfree
method in bending problems. The geometry, boundary and loading conditions are depicted in Fig. 4(a). The tetrahedral background mesh used in this
example is illustrated in Fig. 4(b). The geometry and loading parameters are
set as follows: L = 21, H = 4, W = 6 and P = 50000. The following material parameters are considered: E = 200000 and ν = 0.4999. We focus on
the tip deflection at point A of the beam whose exact solution is −21.11, as
well as on the smoothness of the pressure field. The analysis is conducted for
the MINI element and the MEM method. In the latter case we use the MOD
integration technique. The corresponding numerical solutions are shown in
Figs. 5(a) and 5(b) for the MINI element, whereas Figs. 5(c) and 5(d) depict
the solutions for the MEM method. We note that the maximum-entropy
solution is proximal to the exact one, whereas the MINI element solution behaves somewhat ‘stiff’ on the same mesh. Additionally, we observe that the
pressure field is smoother in the maximum-entropy meshfree method than in
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Fig. 4: Three-dimensional cantilever beam. (a) Geometry, boundary and
loading conditions; and (b) background mesh for integration.
the MINI element method.
In order to demonstrate the need for the MOD integration scheme in three
dimensions, we conduct the same analysis using an eight-order Gauss quadrature rule (STD integration scheme) for the MEM method. The numerical and
exact tip deflections at point A are summarized in Table 1. We observe that
the STD scheme can not deliver the correct result, and indeed higher-order

22

(a)

(b)

(c)

(d)

Fig. 5: Three-dimensional cantilever beam. (a) MINI element solution for
vertical displacement; (b) MINI element solution for hydrostatic pressure
field; (c) MEM solution for vertical displacement; and (d) MEM solution for
hydrostatic pressure field.
Gauss quadrature is needed. The latter is not surprising since due to the
unstructured mesh, the support of basis functions can get significantly large
leading to under-integration if the accuracy of the quadrature rule employed
is not sufficient. However, use of very higher-order Gauss quadrature is unappealing in a meshfree method since it imposes a computational burden on
the simulations.
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Table 1: Tip deflection for the cantilever beam at point A.
Method

Numerical

Exact

MINI

−16.02

−24.11

MEM (MOD)

−24.02

−24.11

MEM (STD)

−141.99

−24.11

5.2. Three-dimensional rigid flat punch
In this example, we consider a simple model of three-dimensional frictionless indentation to showcase the performance of the MEM method under compressive loads. Similar benchmark problems are typically studied
in two dimensions [55, 56, 57]. The geometry of the problem is depicted
in Fig. 6(a). A severe constraint on allowable deformation states is introduced by fully clamping the bottom surface and the four lateral surfaces. A
frictionless downward displacement of 0.15 is applied on the center of the
top surface within a square area of 2/3 × 2/3. Due to the symmetry of the
problem, only a quarter of the geometry is considered. The material parameters are set to E = 3 × 107 and ν = 0.4999. The unstructured tetrahedral
background mesh shown in Fig. 6(b) is used to demonstrate the ability of
the MEM method. The numerical solutions for the MINI element are presented in Figs. 7(a) and 7(b), whereas the maximum-entropy solutions are
depicted in Figs. 7(c) and 7(d). In light of these results, the MEM method
is clearly superior in the prediction of the displacement field and in realizing
a smoother pressure solution.
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(a)

(b)

Fig. 6: Three-dimensional rigid flat punch. (a) Geometry and boundary
conditions; and (b) background mesh for integration.
5.3. Leaky-lid driven cavity flow
The leaky-lid driven cavity flow problem is a standard benchmark to test
the performance of numerical methods in incompressible flow [42, 58, 59, 60].
The geometry, background mesh and prescribed velocity along the boundary
of the domain are depicted in Fig. 8. Max-ent basis functions are used with
a support-width parameter γ = 2.0 for the Gaussian prior.
In Fig. 9, the numerical velocity and hydrostatic pressure fields for the
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(a)

(b)

(c)

(d)

Fig. 7: Three-dimensional rigid flat punch. (a) MINI element solution for displacement field; (b) MINI element solution for hydrostatic pressure field; (c)
MEM solution for displacement field; and (d) MEM solution for hydrostatic
pressure field.
MINI element and MEM formulation are compared. We observe that the
velocity field is quite similar for both approximations and that they are in
agreement with the numerical results of Ref. [59]. We also observe in Fig. 10
a good match between the velocity of the MINI and MEM solutions. However, the MEM method better predicts the hydrostatic pressure field with a
smoother solution throughout the domain. This behavior is also confirmed
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Fig. 8: Leaky-lid driven cavity flow. Geometry, mesh and boundary conditions.
by the results shown in Fig. 11, where the nodal pressure is plotted for two
background meshes along line Q-Q. The first one, a coarser mesh of 12 × 12
divisions and the second one, a finer mesh of 24×24 divisions shown in Fig. 8.
On the finer mesh, the MINI element solution drifts away from the smooth
MEM solution, and the former also has some oscillations. The situation is
still worse for the MINI element in the coarser mesh, whereas the MEM solution on both meshes is similar and they are in agreement with the results
of Ref. [59].
5.4. Colliding flow
We consider a simple model of colliding flow, which is a well-known and
standard benchmark test problem (for example, see Refs. [61, 62]). The ge-

27

(a)

(b)

(c)

(d)

Fig. 9: Leaky-lid driven cavity flow. (a) MINI element solution for velocity field, (b) MEM solution for velocity field, (c) MINI element solution for
hydrostatic pressure field; and (d) MEM solution for hydrostatic pressure
field.
ometry, a typical background mesh and boundary conditions are shown in
Fig. 12. We study the convergence of the MEM formulation with successive
nodal refinement and the influence of the numerical integration scheme employed. To this end, we use the energy norm of the error and the L2 -norm of
both the velocity and pressure error, together with the following analytical
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Fig. 10: Leaky-lid driven cavity flow. Nodal velocity measured along lines
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Fig. 11: Leaky-lid driven cavity flow. Nodal pressure measured along line
Q-Q (a) for 12 × 12 mesh and (b) for 24 × 24 mesh.
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solution [62]:
u = 20(x − 1)(y − 1)3

(29a)

v = 5(x − 1)4 − 5(y − 1)4

(29b)

p = 60(x − 1)2 (y − 1) − 20(y − 1)3

(29c)

Eqs. (29a) and (29b) are used as essential boundary conditions along the
boundary of the domain. Max-ent basis functions are used with a supportwidth parameter γ = 1.5 for the quartic prior. The velocity and pressure
fields for the reference mesh of Fig. 12 are depicted in Fig. 13 for the MINI element and MEM solutions. Firstly, we observe that for both approximations,
a refined mesh is needed to obtain an acceptable solution—the analytical solution is quartic and both approximations are linearly complete. Secondly,
the MINI element and MEM solutions for the velocity field are quite similar.
Thirdly, a smooth pressure field is obtained for the MEM near the corners
of the domain, whereas the MINI element solution has some oscillations.
To assess the influence of numerical integration, a study of the MEM
method with STD and MOD schemes is conducted (see Section 3.3). The
numerical results are presented in Fig. 14. As we pointed out in Section 3.3,
due to numerical integration errors in meshfree methods, low-order standard Gauss quadrature can not deliver accurate numerical solutions with
optimal rates of convergence. Improved accuracy and better rate of convergence in L2 -norm are obtained with a 6-point rule, and a 12-point rule is
able to deliver about the same accuracy as the modified integration scheme
(Figs. 14(a) and 14(b)). It is noteworthy to point out that for the energy
norm curves shown in Fig. 14(c), the STD scheme with a 12-point rule results
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Fig. 12: Colliding flow. Geometry, mesh and boundary conditions.
in a sudden change in the slope of the curve with mesh refinement (quadrature error is not sufficiently smaller than the approximation error), whereas
the MOD scheme consistently yields the optimal rate of convergence.
Finally, the accuracy and rate of convergence of the MINI element and
the maximum-entropy meshfree method are compared in Fig. 15. We observe that the MINI element and MEM solutions have the optimal rate of
convergence in the energy and L2 -norms, but that the MEM formulation can
deliver more accurate results.
5.5. Inf-sup tests
The numerical inf-sup test described in Section 4 has been assessed for
meshfree methods [14, 15]. Here, we apply the inf-sup test on three problems:
leaky-lid driven cavity flow, Poiseuille flow, and a square domain (the same
used for the cavity flow) with zero-velocity imposed along the boundary.
When a vanishing velocity is imposed along the boundary of the domain, a
31

(a)

(b)

(c)

(d)

Fig. 13: Colliding flow. (a) MINI element solution for velocity field, (b) MINI
element solution for hydrostatic pressure field, (c) MEM solution for velocity
field; and (d) MEM solution for hydrostatic pressure field.
zero pressure field must be obtained everywhere. Otherwise, the formulation
would suffer from spurious pressure modes [6]. In order to compute the
numerical inf-sup value, four nodal discretizations are considered in each
problem. The background meshes are shown in Fig. 16. Numerical inf-sup
values are presented in Table 2. From Table 2, we observe that for all the
tests the numerical inf-sup values converge to a value that is bounded away
from zero with successive mesh refinements. Since the whole boundary has
been imposed with essential boundary conditions for the leaky-lid driven
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Fig. 14: Rate of convergence of norms for the colliding flow problem using
standard and modified Gauss integration techniques. (a) L2 -norm of the
velocity error, (b) L2 -norm of the pressure error; and (c) energy norm of the
error. n × n (n is the number of divisions along the x or y-directions) mesh
pattern is used.
cavity flow and zero-velocity tests, one constant pressure mode was obtained
in both cases. However, the constant pressure mode can be eliminated if
one essential boundary condition is removed from the boundary. We also
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Fig. 15: Rate of convergence of norms for the colliding flow problem. (a)
L2 -norm of the velocity error, (b) L2 -norm of the pressure error; and (c)
energy norm of the error. n × n (n is the number of divisions along the x or
y-directions) mesh pattern is used.
mention that a zero-pressure field was obtained for the zero-velocity test,
which indicates that the MEM formulation is free of spurious pressure modes.
The inf-sup test is therefore passed and the MEM formulation is stable.
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Table 2: Values of αh in the numerical inf-sup tests.
Problem

n=4

n=8

n = 12

n = 16

Cavity

0.295

0.308

0.308

0.300

Poiseuille

0.112

0.113

0.113

0.113

Zero-velocity

0.295

0.308

0.308

0.300

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Fig. 16: Distorted background meshes employed for the inf-sup test. (a),
(b), (c) and (d) for the leaky-lid driven cavity flow and the zero-boundary
velocity problems; (e), (f), (g) and (h) for the Poiseuille problem. n × n mesh
pattern is used for the leaky-lid driven cavity flow and zero-boundary velocity
problems, while for the Poiseuille flow, n × n/2 mesh pattern is considered.
In both cases n is the number of divisions along the x-direction.
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6. Concluding Remarks
In this paper, a meshfree method based on maximum-entropy approximants that we recently presented in Ref. [1] was extended to Stokes flow
in two dimensions and to three-dimensional analysis of incompressible linear
elastic solids. The adoption of max-ent basis functions provides flexibility
and eases the implementation since it permits the direct imposition of essential boundary conditions. A standard u-p mixed formulation was used to
compute volume-averaged nodal pressures a posteriori from the displacement
field of surrounding nodes, which led to a single-field (u-based) formulation.
Various benchmark problems in two and three dimensions, which included a
three-dimensional cantilever beam, a three-dimensional rigid flat punch problem, a leaky-lid driven cavity flow, and a colliding flow over a square domain
were conducted to demonstrate the performance of the maximum-entropy
meshfree method for incompressible media problems. The three-dimensional
problems were tested on unstructured tetrahedral integration meshes and excellent accuracy was realized by the MEM method. For the three-dimensional
cantilever beam problem, we found that accuracy considerations demanded
the need for very high-order Gauss quadrature rule on unstructured meshes,
whereas second-order accuracy sufficed for the numerical integration of both
the volume and surface integrals in our modified integration scheme. On
the benchmark problems, good agreement with analytical and reference solution results was found, and the MEM solution delivered the optimal rate
of convergence in energy- and L2 -norms. We studied the stability of our
method by conducting numerical inf-sup test on three benchmark problems.
With nodal refinement, the numerical inf-sup value remained a constant that
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was bounded away from zero; furthermore, there were no spurious pressure
modes. The accuracy and robustness of the MEM method in two- and threedimensional incompressible linear problems suggests its potential in threedimensional nonlinear simulations.
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