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SUMMARY

In this paper, we obtain explicit expressions to evaluate the derivatives of maximum-entropy (max-ent)
basis function on the boundary of a convex domain. In the max-ent formulation, the basis functions are
obtained by maximizing a concave functional subjected to linear constraints (reproducing conditions).
In doing so, it is found that the Lagrange multipliers blow up when x € 92, and the expressions for
the derivatives of the max-ent basis functions in {2 are of an indeterminate form for points on 0f2.
We appeal to I’Hopital’s rule to derive expressions to determine the derivatives of the basis functions.
We consider the Shannon entropy functional as well as the relative entropy functional with different
choices of the prior weight function. The first-order derivatives of all basis functions are bounded. In
contrast, on an irregular grid with a certain nodal spacing, some of the second-derivatives of the basis
functions are unbounded on the boundary. Necessary and sufficient conditions on the priors to obtain

bounded Lagrange multipliers are established. Optimal convergence rates for fourth-order problems
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are demonstrated for a Galerkin approach with a quadratically complete partition-of-unity enriched

max-ent approximation. Copyright (© 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Within the family of meshfree approximation methods [1, 2], a recent advance in computational
mechanics has been the development and application of maximum-entropy (max-ent) based
approximation schemes [3-6]. These approximations are linked to elements from information
theory [7], convex analysis [8], and convex optimization [9]. Initially, these convex approximants
were introduced by Sukumar [3] for constructing polygonal interpolants and by Arroyo
and Ortiz [4] for use in meshfree methods. Since then, many new developments and
applications of max-ent basis functions have emerged: unifying formulation using relative
entropy and an extension to higher-order schemes with signed basis functions [10], quadratically
complete convex approximations [11-13], epi-convergence to establish continuity of max-ent
basis functions [14] and convergence analysis of max-ent approximation schemes [15, 16],
constructing barycentric coordinates on arbitrary polytopes [17], fluid and plastic flow using
optimal transportation theory [18], compressible and nearly incompressible elasticity [19-
22], variational adaptivity for finite-deformation elasticity [23], thin-shell analysis [24, 25],
modeling Mindlin-Reissner shear-deformable plates [26], nonlinear structural analyses [27, 28],
convection-diffusion problems [29-31], phase-field model of biomembranes [32], curvature
and bending rigidity of membrane networks [33, 34], and Kohn-Sham density functional
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DERIVATIVES OF MAXIMUM-ENTROPY BASIS FUNCTIONS ON THE BOUNDARY 3

calculations [35].
Consider a set of distinct nodes in IR? that are located at x, (a = 1,2,...,n), with
Q = con(xy,...,x,) C IR? denoting the convex hull of the nodal set. For a real-valued function

u(x) : © — IR, the numerical approximation for u(x) is:

n

uh(x) = Z¢a(x)uaa (1)

a=1

where ¢,(x) is the basis function associated with node a, and u, are coefficients.

In the maximum-entropy approach [36, 37], an entropy functional (Shannon entropy [7] or
negative of the relative entropy [38, 39] that depends on a discrete probability measure {p, }7_)
is maximized, subject to linear constraints on p,. On noting the correspondence between basis
functions {¢, }”_, and discrete probability measures {p, }7_;, the max-ent formalism is applied
to construct basis functions [3, 4, 10]. To this end, we consider the maximization of the negative
of the relative entropy, subject to linear reproducing conditions on ¢, (x)—u"(x) in (1) should
exactly reproduce affine functions. In doing so, the expressions for the basis functions and their
derivatives are readily derived, which are found to depend on the solution of the Lagrange
multipliers A(x) € R? (details are provided in Section 2). As noted in References [3] and [4],
the Lagrange multipliers blow up for a point x € 02, and hence the expressions derived
therein for V¢, can not be used to evaluate the derivatives of the basis functions on the
boundary. In this paper, a solution for this problem is provided. We apply 'Hopital’s rule to
obtain explicit expressions for the derivatives of the basis functions on the boundary, which is
guided by theoretical analysis and supportive numerical experiments. Furthermore, on choosing
appropriate prior weight functions [37, 10], we present a means to obtain bounded Lagrange
multipliers on the boundary, which leads to bounded first- and higher-order derivatives of
max-ent basis functions on 92. Optimal convergence rates for Euler-Bernoulli beam problems
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4 F. GRECO AND N. SUKUMAR

and for plate bending problems are demonstrated for a Galerkin approach with a quadratically

complete partition-of-unity enriched max-ent approximation.

2. MAXIMUM-ENTROPY BASIS FUNCTIONS

We use the relative entropy functional [38] to construct max-ent basis functions. The variational
formulation for maximum-entropy approximants is: find x — ¢(x) : @ — IR"} as the solution

of the following constrained (concave) optimization problem [4, 10]:

s~ ;%(X) In (i‘;g) ; (2a)

subject to the linear reproducing conditions:

> da(x) =1, (2b)
D a(x)(xa — %) =0, (2¢)

where IR'} is the non-negative orthant, we(x) : & — IR} is a non-negative weight function
(prior estimate to ¢,), and the linear constraints form an underdetermined system. On using

the method of Lagrange multipliers, the solution of the variational problem is [10]:
Za(x; A) = wa(x) exp(=A - Xq) (3)

where X, = x, — X (X,X, € ]Rd) are shifted nodal coordinates, A(x) € IR? are the d Lagrange
multipliers associated with the constraints in (2c¢), and Z(x;X) = >, Zs(x; A) is known as the
partition function in statistical mechanics. On considering the dual formulation, the solution

for the Lagrange multipliers can be written as [9]

A* =argmin F(A), F(A):=InZ(A), (4)
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DERIVATIVES OF MAXIMUM-ENTROPY BASIS FUNCTIONS ON THE BOUNDARY 5

where A* is the optimal solution that is desired. Since F' is strictly convex in the interior of €2,

a convex optimization algorithm such as Newton’s method is used to determine A*.

Let ¢ (x) be the max-ent basis function that corresponds to the converged A*(x), and
V¢ (x) and VV¢%(x) be the gradient and Hessian of ¢7(x), respectively. We obtain ¢%(x)
from (3):

Za(x;A")

o (x) = 2o ) Za(x; 0%) = we(x) exp(—=A* - Xq). (5)

The gradient of ¢ (x) for the Gaussian prior (local max-ent) is presented in Reference [4], and
that for an arbitrary prior weight function appears in References [40, 27]. The latter can be

written in the following form:

Vo =0, {x ACOREC ORI pRat et } g La DA o)
b=1

where

n

" < . ~ - N N Vwy exp(—A* - X
H = ¢;%0%, A=) %0 (Z ) (6b)
b=1 b=1

The derivation and expression for the Hessian of ¢ (x) are presented in References [40, 13, 33].

3. ONE-DIMENSIONAL ANALYSIS

Consider a one-dimensional domain €2 that is discretized by a set of nodes with coordinates
{z4}0_,, where 1 < 22 < ... < z,. We seck to evaluate the derivatives of the basis functions
o1(x), pa(x), ..., on(x) when x = 21 or & = x,.
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6 F. GRECO AND N. SUKUMAR

3.1. On the behavior of X on the boundary of the domain

The difficulties that arise in the calculation of the derivatives of the basis functions on the
boundary of the domain are a consequence of the divergence of the Lagrange multipliers,

which is assessed in the following proposition:

Proposition 3.1. Given prior weight functions {wi(x), ws(x)..w,(x)} such that 3a > 1 :

we (1) # 0, then lim,_.,, M) = 400, and if Ja < n: we(z,) # 0, then lim,_,, A(z) = —o0.

Proof. First of all we remark that in every maximum entropy approximation, wg(z) > 0
for all @ and wy(x1) # 0, wy(x,) # 0. These conditions are necessary to meet the convexity
condition (¢q(z) > 0 for all a) and the Kronecker-delta property on the boundary, namely

@a(x1) = 941 and ¢o(2y,) = darn. On substituting ¢, (z) from (3) in (2¢), we have

> wa(@) (@, — a)e O = g (7)
a=1

When x — x1, the above equation becomes

Z wa($1)(xa — $1)6_)‘(”1)(%—$1) —0

a
wa (21)#0

Since wy(x1) > 0 and z, — 21 > 0 for all a, the equality in the above equation is met if and
only if each term is identically equal to zero. Hence, e~ M*1)(#a=21) _, () which implies that
A(z1) — +o0. Following a similar approach for the case x — wx,, it is readily shown that if

Jda < n:we(xy) # 0, then limy_,, A(z,) = —o0. O

3.2. First derivatives of global max-ent

In the global max-ent approximant, the prior weight function w,(z) = 1 for all a. According
to Proposition 3.1, since the Lagrange multiplier A\(z) — 400 when & — z7 and A(z) — —o0
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DERIVATIVES OF MAXIMUM-ENTROPY BASIS FUNCTIONS ON THE BOUNDARY 7

when © — x,, the derivatives of ¢,(x) can not be computed using the expression given in
(6). We point out that when A blows up on the boundary, the basis functions too can not be
computed from (3). However, the max-ent basis functions in IR? satisfy a weak Kronecker-delta
property on the boundary with interior basis functions (facet-reducing property) vanishing on
the boundary. This permits the direct evaluation of the basis functions on a facet of reduced
dimension. At the boundary = z; in one dimension, we obtain: ¢1(z1) = 1, ¢4(x1) = 0 for
all @ > 1. Since the expressions for ¢/ (z1) and ¢}, (x,,) are of an indeterminate form, we define

the derivatives on the boundary x; as the following limit with x — x; from within the domain:

Po(w1) = lim ¢ (),

1

and we proceed to determine the above limit. Consider

lim $a(2)

Ya > 2.
r—xT1 ¢2(x)

Since ¢q(z1) = 0 and ¢2(x1) = 0, we can apply I'Hopital’s rule to obtain

Gale) _ . 04()

Jm 02(z)  amwr Phy() (8)

for all @ > 2. On the other hand, we can determine the above limit using the explicit basis

function expressions from (5):

. Galz) . Za)Z . g e M@)za . Y -~
1 lim lim — lim -1 () (za—T2)
a:~>1 T ¢2(,’L‘) mﬂl 1 22/2 w—»l T 22 a:~>l 1 e_A(m)$2 a:~>lna:l1 ¢

(9)

Now, since x, — x2 > 0 and lim,_,,, A(z) = 400, we have

. x
lim ba(@) =0Va>2
e=a1 a()
and hence (8) can be written as
/
x
m ¢7( ):()Va>2. (10)
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8 F. GRECO AND N. SUKUMAR

Now, we show that lim,_,,, ¢5(z) is non-zero. On taking the derivative of the linear reproducing

conditions given in Section 2, we obtain

Y dul@)=0 (11a)

> (). =1 (11b)

For (11a) and (11b) to be satisfied, it is evident that at least two basis function derivatives
must be non-zero, and therefore lim,_,,, ¢5(x) # 0. Hence, (10) yields the result:

¢! (1) =0 Va > 2. (12)

The constraints in (11) can now be written as:

¢y (1) + ¢h(x1) =0
&) (x1)wy + dh(w1)re = 1

whose solution is: ¢} (z1) = —1/(x2 — x1), ¢5(x1) = 1/(x2 — x1). Hence, from the above
equations and (12), the complete solution for the derivatives of the basis functions at = =

is:
O, (21) = ——— dhy(ar) = —

T2 — T1 T2 — T1

, ¢h(x1) =0Va>2 (14)

On considering the symmetry of the problem, the derivatives of the basis functions at x = z,,
are given by

So(tn) = — (@)= G(aa)=0Va<n—1  (15)

Ty — Tp—1 Tp — Tn-1
3.8. Second derivatives of global max-ent

Since ¢q(z1) = ¢, (x1) = 0 Va > 3, we have

. Pa(z) . () . h(x) . “Az)(zq—13) “Az1)(za—23)
lim =1 =1 = lim e NP\Fa7T3) — o7 ATV Ta™T3) — () 16
Tr—xT1 (bg(_f[,‘) Tr—xT1 (blg({l,‘) Tr—xT1 ¢g(a’,‘) T—T1 ( )
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DERIVATIVES OF MAXIMUM-ENTROPY BASIS FUNCTIONS ON THE BOUNDARY 9

for all a > 3, since A(z1) = oo and z, — x5 > 0. Therefore, if we assume that ¢4 (x;) is finite,
then it follows that ¢/ (z) = 0 for all @ > 3, and now we only need to compute the second
derivatives for the first three nodes. On taking the derivatives of the constraint equations

in (11), we have
(@) + @5 (x) + ¢5(x) =0 (17a)
V(@)xy + ¢ (2)22 + ¢ (x) 23 =0 (17b)

and hence we have one more unknown than the number of equations. To determine the

additional relation, we perform some algebra. To wit, we write

/ / / /
T—r1 T — T T ¢2($) r—T llmxﬂfl ¢2(Z)/((93;171)
3 x

where the first equality follows by 'Hopital’s rule and ¢4 (1) # 0 is used to arrive at the

¢2(z)(z—1)

PR Since this is a 0/0 indeterminate

second equality. Now, let us consider lim,_,,

form, we can apply ’'Hopital’s rule to obtain

a@) @) ) @—a) | o)
N A I T

Consider the Taylor series of ¢3(x) and ¢4(x) when z — =z, cognizant of the fact that
¢3(x1) = Ph(x1) = 0
1 1" 2 3
¢3(2) = 5¢3(21) (z — 21)" + Oz — 21)
¢5(x) = ¢5(x1)(z — 21) + O(x — 21)?
Combining the above equations, we can write:
203(x) = ¢h(x)(x — 1) + O(x — x1)?

2¢3(x)

Thus, when @ — x1, ¢3(z) = 2~ and hence
i ¢>2(CU) T ¢2($) (m - 301)
im — = lim ———————
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2013; 00:1-46
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10 F. GRECO AND N. SUKUMAR

Therefore,

o @ @) L e @) he@)@—ar) | 6e(@) (@ =)

Now, from the above equation and (18), we have

20 (1)

lim, ., 200

g(xl) = (19)

For global max-ent, the denominator in the above equation is:

i 2@ @) L
T—xT1 ¢)3(J)) T—x1 e*A(zsffw)
Recall that
n
— Az
T.e” e
. a; “ _ T1e ML o poe= A2 4op e AT
- n s 67)\1’1 + 67)\132 L+ 67)‘1‘,"

3 e
a=1

and limy o, e %@ /e~ = (0 when z, > 3. Then, the above equation can be written (to
leading order) as

T1e ML 4 poeT A2 4og e A T1e AT 4 poeAT2

Xr = ~
e—Awl + e—>\$2 o+ e—Awn e—)\wl + e—/\wz
and therefore
zie Nlgge N2 (zo—x1)e 2
. o) (x — 1) . T — T . o—Xe1 po- ez Ty = e vy
lim ——~—— " = Jim ——— = lim = lim —————
T—xT ¢3(1’) T—x ef)‘(w_a*w?) T—x1 eiA(l’g*wZ) r—x1 ei>‘($37$2)
—Azy—z1)
. € 2 . _ ) —(2a—
= lim (:EQ — xl) = lim (1-2 _ 151)6 M(z2—z1)—(z3—22)]
T—xT e*)‘(zssz) T—xTq

Since, according to Proposition 3.1, A — oo we note that the above limit is finite and non-zero
if and only if xo = (1 + x3)/2 (2 — 21 = x3 — x2), in which case

i 2208 @ —21)
=T ¢3(x)

= T2 — X1

and from (17) and (19), we find that for this case the second derivatives are finite and non-zero:

2 —4

a7

,1/(331) = ¢g(:];1) = m (20)
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DERIVATIVES OF MAXIMUM-ENTROPY BASIS FUNCTIONS ON THE BOUNDARY 11
If 2o < (21 + 23)/2, then lim,_.,, 7257 = oo and therefore
1(z1) = ¢5(21) = d5(a1) =0

—Xagz—=3)

and if zo > (21 + 23)/2, then lim,_.,, 7" = 0, and this implies that the second

derivatives are unbounded when x — x:
|67 (z1)], |95 (21)], |95 (21)] — o0
Remark Using (20), on a regular grid we have the equality
1(@1)at + o (x1)a3 + ¢ (21)a3 = 4

On observing that ¢1(z1)zy = 1 and ¢} (x1)x1 + ¢h(z1)z2 = 1, we hypothesize the following

relation:
m—+1
dm¢a($1) 12
Z e/ em o — ! 21
> el = () (21)

which has been numerically verified for m > 2.

3.4. Derwatives of local maz-ent

The local max-ent scheme of Arroyo and Ortiz [4] is identical to use of a Gaussian prior weight
function in (2) [6, 10]. Hence, on using we(z) = e=B@(@—2a)* iy (9), we obtain

—B(z1—24)?
lim $a(7) = lim 672 lim e AM#a—e2)
z=z1 Go(r)  w—w e Fler—2)? 5og,

Since w, meets the hypotheses of Proposition 3.1, we have lim,_,,, A(z) = 400, and therefore

. Ga(w)
Jim ba(z) 0

This reveals that for the local max-ent approximation (as in global max-ent), only ¢;(x) and
¢2(x) have a non-zero derivative at @ = x7. Proceeding likewise, it is readily shown that the
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12 F. GRECO AND N. SUKUMAR

boundary-behavior of ¢ (x) in local max-ent is similar to that in global max-ent. We provide

the expressions for the second derivatives by deriving the limit in (19):

2
o po(x) (—m) woe A2 g gy e Aleimm)
lim —————= = lim (z —2;)——— = lim 3
T—Tq ¢3(1’) rT—T1 wsze™ x3 T—T1 e_/\(13_$2) 6_5(I1—$3)
and
wizie Pl 4wozoe M2 —
lim r—r i e wpe s 1
T—T e*)‘(13*12) T—T e*)‘(msf‘rﬂ
—Az
wa(r2—x1)e 2 — —
. Wre— 1 fwge N7z . Wo [ Aly—21)
= lim =*“—2"—— = lim — (3 —21)———
T—T1 e~ Mzz—x2) T—r1 W] e~ Mzz—x2)

As in the case of global max-ent, the above limit is finite and non-zero if and only if

29 = (x1 + x3)/2. In this case, we have

—B(z1—w2)?
. ¢2($) (x — 331) 1 w% _ € _ 2B(xzo—x1)?
rh—g; ¢3(x) B zh—gsll wi w3 (w2 — 1) = e—B(z1—x3)? (w2—w1) = T (w2 — ),

where § = ((x1) in the above equation, and the second derivatives of the basis functions are:

26*2ﬁ(w2*$1)2 _46*25(362*5701)2
5(21) = —————

(1) = ¢5(21) = (22)

(2 —21)% (2 — 1)
The local max-ent results when zo < (x1 +x3)/2 or x9 > (21 + 23)/2 mirror those derived for

global max-ent in Section 3.3.

3.5. Derivatives of max-ent approzimants with a general prior weight function

We now refer to the general case in which a prior weight function w,(x) is associated to each

node, and the expression for the max-ent basis function takes the form [10]:

Zo(x W (z)e~2®)Ta
ba(z) = Z((.r)> _ (2)
E wb(aj)e_A(z)fb
b=1
and we have
/ —A(z)z,
m $a®) _ oy $a@) ) walde lim 2ol iy M@ @) (23)

T—Tq ¢)'2(J;) T—Tq ¢)2(x) T—Tq wQ(x)e*A(z)xz B T—x1 WolT) v—x1
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2013; 00:1-46
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DERIVATIVES OF MAXIMUM-ENTROPY BASIS FUNCTIONS ON THE BOUNDARY 13

for all @ > 2. In order to correctly evaluate this limit we have to consider the behavior of
the two limits involved in the product. Thus, we have to study the limit of the ratio of the
priors and lim,_,,, A(z). From Proposition 3.1, we arrive at a necessary condition for A to be

bounded at x = x; and at z = x,,:
We(z1) =0Va > 1, we(z,) =0Va<n (24)

However, this condition is not sufficient by itself. We provide a complete set of conditions via

the following proposition:

Proposition 3.2. Let I = {1,2,...,n} denote the nodal index set and

Io ={a:we(z) =0(x —ap) } (25a)

wq(x) = o(x — ) Ya € I\{b} — Ip (25b)
Then, lim |A(z)| < oo (b=1,n), if and only if Io is non-empty.
T—Tp

Proof. Consider the constraint equation in (7), which can be rewritten as

Y. walz)(Te — x)ei)\(z)za
a€eI\{b}

=1
wy(z)(z — 2p)e~ M@0

where b = 1 or b = n since we seek the limit of A\(z) as x — x1 or  — z,,. Taking the limit

T — a3, the above equation becomes

ac\{b} (@ — s

If (25) is met with Io non-empty, then lim,_.,, 2ot Cop (finite) if @ € Ip and zero

(@)

otherwise. Therefore, a bounded A = A(x) solves the nonlinear equation

Z Cop(xq — sr:b)e_)‘(%_’””) = wp(xp)

aclo
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2013; 00:1-46
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14 F. GRECO AND N. SUKUMAR

Assume to the contrary that (25) is not met. Then, A blows up on the boundary. In fact,

suppose that Ja # b : lim;_,, :j(fg = oo (note that this can be met even if wy(zp) = 0).

Since wy(xp) on the right-hand side of (26) is finite, which implies that (26) is met only if
lim,_,,, A(x) = co. Finally, assume that o is empty, so that w,(x) = o(z — xp) Ya € I\{b},

and hence lim,_.,, wal(@) _ ), Then, (26) is satisfied only if lim,_,,, A(z) = —oc. O

T—Tp

3.5.1. New prior Many priors that fulfil the conditions stipulated in Proposition 3.2 are
readily constructed. However, as in the cases of global and local max-ent discussed earlier, it
would be preferable to only have few basis function derivatives be non-zero on the boundary,
namely two for first derivatives and three for second derivatives. With this in mind, we consider

the following prior weight functions:

T — 2 (a—1)
wi(z) =1, w(x)= [(())] Va > 1 (27)

Lag — 21
In this case, since w,(x) = o(z — 1) Ya > 2, A(x1) is obtained by solving:

’U]g(m) —Az2—2z1)
lim | ——— — 27T =]
e 1 {(x — xl)} (2 — z1)e
with solution:

)\(371) =0

From (23) it is readily inferred that only the first two basis functions will have non-zero
first derivatives at © = 1, whose value is given by the constraint equations. An analogous
conclusion is drawn from (16) for the second derivatives. For this case, ¢5(x1) = 0, and

using (19) to compute ¢4 (1) yields

. o) (w—x1) wo(x)e 2 (z — 1) (w3 — 71)?
lim ————~ = lim =
T—) ¢3(x) Tz wz(x)e= A3 To — T
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2013; 00:1-46
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DERIVATIVES OF MAXIMUM-ENTROPY BASIS FUNCTIONS ON THE BOUNDARY 15

and therefore

2

S

If the grid is regular, the values of the other derivatives are:

2 B —4
o Py(w1) = (@3 —a1)?

1(x1) = ¢3(x1) =

(x3 — x1)?
This expression is analogous to (20) for global max-ent, except for the fact that xs — a3
appears instead of xo — x1. If the grid is not regular, the derivatives are readily found using

the constraint equations.

Remark

To render efficient computations in a domain that is discretized by many nodes, priors with
compact support are desirable. So, only the neighbors of a sampling point = are required to
be considered. In the presentation of the new priors, we assumed for the sake of clarity that
¢a(x1) # 0 for all a, and we bounded \ at just x = z;. For any local prior (for example,
Gaussian prior in [4]), we multiply the original prior weight functions (w,(z1+¢€) # 0) by (27)
so that locality is retained in the new priors, and A\ and the derivatives of ¢, are bounded

since (25) is met. A similar approach applies to bound A and the derivatives of ¢, at x = .

3.6. Numerical tests

In Figure 1, the first- and second-derivatives of global max-ent basis functions are plotted on
a domain Q = (0,4), which is discretized by five nodes that are equi-spaced. As expected,
@1(0) = =1, ¢4(z1) = 1 and the other basis function derivatives are zero at = 0. A similar
result is observed at the end-point = 4. The second derivatives are also in agreement with
theory since the only non-zero second-derivatives at x = 0 are: ¢} (0) = ¢4(0) = 2, ¢5(0) = —4.
Similarly, the predictions are verified at = 4. When the nodal coordinate of z5 is modified,
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o)

Figure 1. Derivatives of global max-ent basis functions on a regular grid. (a) ¢.(x); (b) ¢ (z); and (c)

//(x).

as in Figure 2, the second derivatives blow up at £ = 0. This is more clearly observed on the

logarithmic plot in Figure 3.

In Figure 4, the first- and second-derivatives for local max-ent basis functions (8(x) = 1)
are plotted on the same regular grid. The values of the first derivative are not affected by the
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o)

o)

Figure 2. Derivatives of global max-ent basis functions on an irregular grid. (a) ¢.(z); (b) ¢, (z); and

(©) da(x)-

introduction of this prior; however, now the second derivative of the basis functions have a

different value, for example, ¢/ (0) = 2exp(—2) ~ 0.27 from (22)

Finally in Figure 5, the effect of using the new prior given in (27) is depicted. Even on an

irregular grid, the first derivatives of the basis functions have the same value as that realized
Copyright © 2013 John Wiley & Sons, Ltd.
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Figure 3. Plots of the derivatives of global max-ent basis functions near x = 0 on an irregular grid.

(a) ¢, (x); and (b) ¢, (z) on a logarithmic scale.
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o)
()

'

(a) (b)

o ()
£
2

Figure 4. Derivatives of local max-ent basis functions on a regular grid. (a) ¢q(x); (b) ¢, (z); and (c)

in global max-ent; however, the second derivatives of the basis functions are now bounded. We
also note that ¢4 (0) = 1/2, which is again in agreement with theory.
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Figure 5. Derivatives of max-ent basis functions using the prior in (27). (a) ¢a(x); (b) ¢, (x); and (c)

//(x).

4. TWO-DIMENSIONAL ANALYSIS

Consider a two-dimensional convex domain € C IR? that is discretized by a set of nodes with

coordinates {x,}7_;. We seek to evaluate the derivatives of the basis functions when x € 9€.
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n
A

* limit direction

(a) (b)

Figure 6. (a) Polygonal domain in the x-coordinate system; and (b) Nodal discretization and the local

&-coordinate system for the edge /5.

4.1. First derivatives of local maz-ent

The global max-ent approximant is a special case of the local max-ent (Gaussian prior) of
Arroyo and Ortiz [4], and hence we directly consider the latter cognizant of the fact that in a

Galerkin method a prior with compact-support is desirable.

A two-dimensional polygonal domain is shown in Figure 4.1, and we mark one of the
boundary edges as ¢1. Let £ = (£, 7) be a local coordinate system for the edge ¢;. In Figure 4.1,
a nodal discretization of the domain is shown in the local &-coordinate system. We seek to
evaluate the derivatives of the nodal basis functions for points on the edge ¢;. To this end,
we proceed to determine the basis function derivatives V¢¢, in the &-coordinate system, and
then through a linear (vector transformation), V¢, is obtained.
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4.1.1. Tangential component of the gradient The evaluation of the tangential component
g—ﬁ is straightforward: it involves the variation of the basis functions on ¢; (7-direction) and
hence reduces to a one-dimensional problem on the edge ¢, since only nodes that lie on
{1 have non-zero basis function values. Therefore, in this case, the basis functions and the

tangential component of the gradient are obtained by considering the one-dimensional problem

(n-coordinate of the nodes) along the edge ;.

4.1.2. Normal component of the gradient As opposed to the tangential component, evaluating
the normal component of the gradient requires additional effort, since the corresponding
Lagrange multiplier (A\(§)) diverges, which can be readily shown via the two-dimensional
counterpart of Proposition 3.1. With reference to Figure 6b, we evaluate the derivatives along

{1 by extending the continuity of the derivatives from within the domain:

O .
aif(&, n) = Pae(ér,n) = ﬁ—}%glﬂ?) bae(€)

Due to smoothness of the max-ent basis functions (excluding vertex locations), the result of
the above limit has to be the same along any direction, and therefore we evaluate it along a
convenient one. Let 7 = 1™ in Figure 6b be the normal direction for a given point on ¢;. Then,
consider limg_ (¢, ) ﬁ:—gg, where & — (&1, n*) along n = n*. If both ¢,(€) — 0 and ¢,(€) — 0,
we can apply I'Hopital’s rule:

o (5) li ¢a,§ (67 77*)

lim = lim .
€—(&1,m") ¢b(£) §—& (bb,é(gvn*)
along n=n"*
Since 7 is fixed, we follow the one-dimensional case to determine the non-zero derivatives on
the boundary. Let &; be the -coordinate of the nodes on ¢ and &5 be the {-coordinate of nodes
on a line parallel to ¢; (see Figure 6b). The nodes along &; and &, are indexed by the sets Iy

and I, respectively. Note that ¢, = 0 (a ¢ I;) for any point that lies on ¢1. If a ¢ (I; U I3)
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and b € Iy we can write

bac&n®) . Zg . e BllEaElPNga—Aama

lim = lim — lim
=6 Gpe(E,m*) =6 Zy  eob e BllE—ElE Mg Aam,

or

i 226 Bl l6—€1) o iy oM Eam€) ¢ iy e~ Pa(ramm),
&m)  —a = E—6

where A\ and A\ are the Lagrange multipliers in the local £&-coordinate system. Now, A\ — oo,

Ao is bounded when & — &, and since &, > &, the right-hand side goes to zero and hence

hm ¢a,§(£7n*) _0.
&—6 dpe(§m*)
Since n* is arbitrary, we arrive at the result:
(]5(1’5(51,77) :OVCL¢ (.[1 UIQ). (28)
Now, we consider the case when both a,b € I5. Then,
* —Bll&a—€lP=A1&a—A2n,
lim qj)a,i(f’L ) = lim & : Tt e — e~ (&) (Ma=m) =Bl(na—n")* = (np—n")?] (29)
5%51 ¢b,£(£")’]*) £—&1 efﬁ‘lgbfg“zf/\léé*)ﬂnb ’

where the Lagrange multiplier A\2(&1,7*) is linked to the one-dimensional problem, which is

assessed in the following proposition:

Proposition 4.1. The Lagrange multiplier \2(&1,m*) from the two-dimensional problem
corresponds to the Lagrange multiplier AX(n*) for the equivalent one-dimensional problem on

the boundary.

Proof. Consider the expression for the basis function ¢,(£), a € I :

e~ BllEa—€l17=A1&a—A2ma

¢)a(€) =

b=1

e—BllEs—E&|I>—A1&—Aamy
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Since \; — oo when ¢ — & the denominator can be approximated as

n
Ze—ﬂ“gb—snz—/\lfb—)\zﬁb ~ Z e Bll€—ElI*=A1&—2amp

b=1 bel;

and therefore ¢, (£) can be written as

o Bl1€a—El>~A2na

9a(&) = S e Alle &P dam”
bel;

Since &, =&, = &1, £ — & and n = 1", the above equation simplifies to

. e—Ba—n")?=X2na
¢a(§1ﬂl ) = E e—Bnp—n*)2=Aamp,’
bel;

which is identical to the expression for the local max-ent basis functions at n = n* in one

dimension. O

Equation (29) reveals that in the two-dimensional case all the nodes that belong to the
set Iy (&-coordinate of &) have non-zero basis function derivatives on ¢; and Proposition 4.1
allows us to compute the ratio between the derivatives. Hence, we now proceed as in the

one-dimensional case. Consider the derivatives of the constraint equations in (2b) and (2¢):
D bagl8) =0 (30a)
a=1

D Gac@)a=1 (30D)

which can be rewritten as

D baem) == aelér,n)

acls acly
&) tacn) =1-& > dae&n)
aclz acly

and on solving, we obtain

1
D daelErn) = o (31)
acly 2 !
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and hence the the derivatives for all the nodes that belong to I5 is given by

1

Paclér ) = 1= E1) S per, e € =) =Bl = 2= (=] 4 € L2.

Now, in order to complete the solution, we also require the derivatives of the basis functions
for nodes a € I;. To this end, we begin with the expression for V¢, using local max-ent:
Vi = ¢*i, - (H*)~! from (6). Therefore, the explicit expression for the normal derivatives is

given by

(32)

bae (&) = ¢a() {[_ (€ &) [Xho1 9u©mp — 7] + (1 —ma) [4_, G6(€)&m — Enl }
b

n n n 2
2 b1 D6 (€5 — 2] =y P6(€)&F — €3] — 2oy P6(€)&mp — )
So, for nodes a € I;, we determine the limit of the above expression when & — &;. To this
end, we divide all the terms by (¢ — &;). First, consider the term >, ¢5(£)&7 — &2, which on

rearranging yields

D (G - =D (&) + > du(§)& — ¢
b=1

bel bl

=[1=-D 6@ | G+ D &G - =G -+ anl(&)& — &)

bl bl bl

If b ¢ I, we can write

on(&m) L du(€m) =0 . u(&m) — du(€1,m)
R =3

= ¢v.e(€1,7m) (33)

and

G-+, 0, O — &)

lim 22:1 ¢b(£)fz B 52

£—& §—& B sh—»nsll §—&
= =26+ Y due (G (6 — &) = =26+ (& = &) Y e (S1m)
bl bel
=& -G
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2p= S ()& —En

on using (31). The other expression that requires analysis is = . We again
rearrange the numerator in this expression to obtain
n n
D o€ —En =56 Y ou(Em+ D ()& — &Y du(E)m
b=1 bel bl b=1

=& > o@m+ D> ou@&m—& | D dum+ Y du(E)m

bel, bl bel bel,

=& -9 oEm+ D u(&)(& —Om

bel bl

and since only ¢, (b € I1) are non-zero at £ = £y, then >, 1 ¢p(§)ns = 1. Therefore,

lim 2= d)b(f)gbnb —&n_ —n+(&—&) > dvel&mm
3 £—& bty

and since this limit exists, we have

i 1 (€6, — &n)”

=0
E—6 §—&

Accumulating all the results, the limit in (32) is:

_ bal&,m) (n—na) [=1n+ (&2 = 1) Xy er, Po.c(E1,m)ms)] .
L-& S oy Go(Emng — 02

Pac(§1,m) = lim @q ¢ (§)
§—&1

The above equation completes the evaluation of the derivatives along ¢;, with the exception

of the vertices of the polygon. For a point that approaches a vertex of the polygon, the

denominator Y, ¢p(&1,m)n — n? is zero. Thus, a further extension of continuity is required.

We note that as in (33), if n; and 7 are the coordinates of the first two vertices in the

n-direction, then

. Zb el ¢b(§1777)7713 - 772
lim =2 —m
n—n n—m

and if a is not one of the vertex-indices,

. ¢a(£1a 77) _
nlglr}l W = fi)a,n(fla??l)'
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Hence, the expression of the derivatives at n = n; is given by

p— (34a)

(m —na) [=m + (&2 = &) Xy 1, Poe (1, m0) 0]
2 — M

dre(&,m) = £ i { [ﬂh +(&-&) Zbelz ¢b7§(§1an1)ﬂb] B 1}
2—&

¢a,§(§17771) = ¢a177(£17771) {

Ya >1 (34b
&-6 } (340)
The local max-ent basis functions are C*°(Q) in the interior of 2 [4], but are only C? at vertices
of edges on the boundary of a two-dimensional convex domain. In Section 4.1.4, we present

a numerical example that illustrates this behavior. The derivatives of the basis functions are

discontinuous on the boundary of domains such as the one shown in Figure 6b.

4.1.3. Calculating the derivatives on the entire boundary The introduction of the local &-
coordinate system eases the evaluation of the derivatives of the basis functions. The algorithm

that follows summarizes the key steps that are needed in the computations:

For each edge ¢, find all the neighbors of the nodes that contribute on 4.

e Transform the coordinates of all the neighbors from x to &.

e Consider the equivalent one-dimensional problem on the boundary and evaluate the
basis functions and their tangential derivatives. Store the value of the Lagrange
multiplier A(n).

e (Calculate the normal derivatives using the approach presented in Section 4.1.2.

e Transform V¢¢, to V@, by a linear transformation, which involves a matrix-vector

product. Note that in many applications this step is not necessary since only the normal

derivatives are required.

4.1.4. Numerical tests In Figure 7a, a unit square is discretized by seven nodes and the

partial derivatives ag;“ are plotted along the edge x = 0 in Figure 7b. We observe that the
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Figure 7. Partial derivative of basis functions in two dimensions. (a) Nodal discretization (grid 1); (b)

(b) % along x = 0 for grid 1; (c) Nodal discretization (grid 2); and (d) (9;5;

along = = 0 for grid 2.
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derivatives are smooth along the edge and at the vertices (0,0) and (0,1), the derivatives
verify the continuity with the tangential derivatives of the adjacent edges. In Figure 7c, a
different nodal discretization is shown and the plots of the derivative appear in Figure 7d. In
this example, the derivatives are discontinuous at the vertices of the square. For instance at
(0,0), we expect to obtain ¢1 , = —1, @¢. = 0 Va > 2 so that continuity with the tangential
derivative on the edge y = 0 is met, with only ¢, , and ¢» , as non-zero. However, we find
that ¢1.4, ¢5. and ¢7 5 are non-zero, with their values computed from (34). This affirms that

the max-ent basis functions are not smooth on the boundary of a domain.

4.2. Second derivatives of local maz-ent

As in the one-dimensional case, the second derivatives are finite and non-zero only for a regular
(structured) nodal discretization. An equation analogous to (18) is readily derived to establish
that the second derivatives are finite and non-zero if and only if {5 — & = & — &, where £; are
the &-coordinate of the nodes on the boundary, &5 are the é-coordinate of the nearest nodes to

the boundary and &3 the £-coordinate of the second-nearest nodes to the boundary.

4.83. Derivatives for other types of priors

The assessment in (28) holds for every prior that is non-zero on the boundary. Thus, the
derivatives for the nodes with £-coordinate of £ can be evaluated using

1

Pac(81,m") = v
3 . Bal&n")
&) 2 B o)

and then the derivatives for the nodes with {-coordinate of £ can be determined using an
equation similar to (32), but with more terms in accordance with (6). The analysis is more
complicated when the priors vanish on the boundary. In two dimensions, appropriate priors
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can be defined that bound A; on the boundary and therefore have finite first- and second-
derivatives. However, as opposed to the one-dimensional case, the expressions for the priors

are more involved.

Remark The extension to three-dimensions is straightforward. In this case, for each
boundary-face of the domain, a normal out-of-plane component of the derivative of the basis
functions exists along the direction &, and two tangential in-plane components are present along
n and (. The computation of the latter is reduced to a two-dimensional problem, since only
the nodes that lie on the n{-face have non-zero basis function values and therefore non-zero
derivatives along the n- and (-directions. Then, as in the two-dimensional case, the derivatives
of the nodes closest to the face are considered, and the derivatives on the n¢-face are found by
simplifying the limit in the three-dimensional counterpart of (32). Even though the expressions

turn out to be lengthy, simplifications arise that are analogous to the two-dimensional case.

5. NUMERICAL EXAMPLES

The Galerkin solution of fourth-order ordinary and partial differential equations require the use
of basis functions whose derivatives up to the second-order are square-integrable. In addition,
the evaluation of the first derivatives of the basis functions on the boundary is required to
impose boundary conditions. To verify the correctness and accuracy of the first- and second-
derivatives of the max-ent basis functions on the boundary, we present Galerkin solutions
to fourth-order problems using a quadratically complete enriched partition-of-unity max-ent
approximation.
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5.1. Euler-Bernoulli beam

Consider the governing equation for the deflection of an Euler-Bernoulli beam:
" (x) = q(z) in Q= (a,b), (35)

where ¢(z) is the distributed load, and unit material parameters are assumed. Prior to including

the boundary conditions, the weak statement of the above equation is: find u € U such that

b b
a(u,v) =L(v) Yo €V, alu,v)= /u”v”da:, (v) = /q(m)v de —u"v]® +u"v'|%. (36)

a a

In the above equation, the trial and test spaces are such that U =V = H?(Q2), where H?({2)
is the Sobolev space with functions whose derivatives up to the second-order are square-
integrable. When boundary conditions are specified, the trial and test spaces become subspaces
of H?(9). Note that the computation of the derivatives is required to evaluate the term u"v’|%.
To solve fourth-order boundary-value problems using a Galerkin method, approximations
that are quadratically complete are needed to ensure optimal rates of convergence. Prior work
on constructing such approximations using non-negative max-ent basis functions appear in
References [11, 13]. To verify our theoretical predictions with linearly precise max-ent, we
adopt the framework of partition-of-unity [41-43] to construct an enriched approximation.

The quadratically-complete enriched max-ent approximation is:

n n n

uh('r) = Z d)a(x)ua + Z ¢(%‘)Ua = Z ¢a(x)ua + Z ¢a(x)x2vav (37)
a=1 a=1

a=1 a=1
where 1, (x) = ¢4 (2)2? is the enriched basis function, and u, and v, are classical and enriched
degrees of freedom, respectively. It should be noted that when such an enrichment is introduced
the condition number of the stiffness matrix worsens [44, 45]. Our numerical tests confirm this
prediction, but the increase in the condition number did not adversely affect accuracy nor its
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rate of convergence on reasonably refined nodal discretizations. Improvements in the condition
number via orthogonalization [46, 44] were tested, but these did not significantly improve the
condition number to warrant its use in the present applications.

In order to mitigate errors due to numerical integration, we choose the following radial prior
weight function:

wa(r) = (1 —¢*)?, qzq(r):aL r=|r— x4,

where h = 2,41 — 2, is the nodal spacing and « is a parameter that determines the support
size of the basis functions.

The performance of the enriched max-ent is compared to B-splines for the following model

boundary-value problem:
" (z) = sin(2rz) in Q=(0,1) (38a)
u(0) =0, «”(0) =0, u(l) =0, v’ (1) =0. (38b)
The exact solution of the above problem is: u(z) = sin(27x)/(167%). Referring to (36), the
linear form for this problem is: £(v) = fl sin(27z)v dz. Any integration point in the domain for

0

a k-th order B-spline approximation has k+ 1 neighbors (Figure 8a and Figure 8b). For a max-
ent approximation with the radial prior, the number of neighbors at each integration points
is 2 (Figure 8c and Figure 8d). In Figure 9, the B-spline and enriched max-ent solutions are
presented. In Figure 9a, the L?(Q) norm of the error is plotted as a function of the degrees
of freedom (DOF's); for the enriched max-ent, there are two degrees of freedom per node. We
observe that the enriched max-ent solutions with o = 2 and o = 3 are comparable to the
results obtained with quadratic and cubic B-splines, respectively. From Figure 9b, we observe
that the enriched max-ent solution on a grid of four nodes is in good agreement with the exact

solution.
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Figure 8. (a) Quadratic and (b) cubic B-spline basis functions on a regular grid. Maximum-entropy

basis functions with a radial prior for (¢) @ =2 and (d) o = 3 on a regular grid.

Having established the accuracy and convergence of the max-ent approximation, we now

study the imposition of derivative boundary conditions by considering the following boundary-
Int. J. Numer. Meth. Engng 2013; 00:1-46
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Figure 9. Comparisons of max-ent and B-splines for the model problem in (38). (a) L*(Q) norm of the
error; and (b) Comparison between max-ent and the exact solution. Four nodes (8 DOFs) are used in

the max-ent computations.

value problem:

u""(x) = sin(2rz) in Q= (0,1) (39a)

u(0) =0, ¥/(0) =0, v"(1) =2, (1) =0, (39b)

which is the model problem for a clamped cantilever beam (unit geometry and material
parameters) with an applied moment at = 1. The essential boundary condition " (0) = 0 is
met by setting the coefficient u; = 0, as is done with finite elements. The enriched basis and
its derivative vanish at « = 0: 1,(0) = 0, ¥/,(0) = 0 for all a. From (12), only ¢} (0) and ¢5(0)
are non-zero at x = 0. Hence, the essential boundary condition of zero-slope at x = 0 becomes
u101(0) + u2¢2(0) = 0, and therefore u; = 0 and us = 0 must hold for both the essential
boundary conditions to be satisfied.

Referring to (36), the linear form for this problem is: £(v) = jl'sin(27rx)'u dz + 2v'(1), and

0
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Figure 10. Rate of convergence for the model problem in (39).

hence the derivative of the basis functions (test functions) must be evaluated on the boundary
x = 1. In order to demonstrate the accuracy of the imposition of the boundary conditions,
the L?(Q) error norm, and H'(Q2) and H?(Q) seminorms are plotted in Figure 10. A five-
point Gauss quadrature rule is adopted; o = 2 is used in the radial prior weight function. We
obtain convergence rates of 2.0 in L?(2) and H'(Q) seminorm, and a rate of 1.0 in H?(Q)
seminorm. These rates are in agreement with theory [47], and similar rates of convergence are
also reported in the recent work of Bompadre et al. [16, 48].

Lastly, we consider the free-vibration of a cantilever beam. Again, assuming unit
material and geometry parameters, the eigenfrequencies are found by solving the following

eigenproblem:
" (x) —wu(z) =0 in Q= (0,1) (40a)
w(0) =0, ¥/(0) =0, u"(1) =0, «"(1) = 0. (40Db)
where the values of k,, (w,, = k2) are found by solving the nonlinear equation [49]:

cos(k) cosh(k) = —1.
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Figure 11. Eigenanalysis. (a) Ratio between the numerical (max-ent) and exact eigenfrequencies; and
(b) Convergence in the error of the sum of the first 10 eigenfrequencies. The asymptotic rate of

convergence is 2.0.

The weak form of the above eigenproblem is: find u € U, w? € IR such that

1 1
a(u,v) = w?b(u,v) Yo €V, alu,v) = /u"v”dﬂc, b(u,v) = /uv dx, (41)
0 0

where U and V are the trial and test spaces, respectively. A 5-point Gauss quadrature rule,
and o = 2 in the radial prior, are used. In Figure 11a, the ratio of the numerical to the exact
frequencies is plotted, and very good agreement is observed for the lower spectrum. The grid
consists of 100 equi-spaced nodes (200 DOFs). In Figure 11b, convergence of the relative error

in the sum of the lowest 10 eigenfrequencies is presented. The relative error is defined as:
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5.2. Plate bending

We consider plate bending (biharmonic operator) boundary-value problems in two dimensions.
A quadratically-complete enriched max-ent approximation is used, with the following set of

nodal basis functions:

o, = {¢aa ¢a332a (bayZv Qsaxy}- (42)

The performance of the enriched max-ent method is studied for plate bending problems with a

distributed load ¢(x), with the governing equation (unit geometry and material parameters):

Viu(x) = ¢(x) in Q= (0,1)? (43)

which is supplemented with boundary conditions. If w and du/0n are prescribed, these become
essential boundary conditions. Unlike the case of a clamped Euler-Bernoulli beam in one
dimension, for a clamped plate in two dimensions with homogeneous essential boundary
conditions, the nodal basis functions in (42) and their normal derivatives can not be made
to vanish identically on the entire essential boundary (subset of Q). To meet the essential
boundary conditions, all coefficients must vanish that are associated with nodes that are
proximal to the essential boundary, which would compromise the quadratic completeness of
the approximation in 2. For the clamped case, techniques such as Lagrange multipliers or
Nitsche’s method (see, for example, References [50, 51]) are widely used to impose essential

boundary conditions.

In two dimensions, the imposition of natural boundary conditions is considered, which
require the evaluation of the first-derivatives on the boundary. First, the model problem
of a simply-supported plate with homogeneous essential and natural boundary conditions is
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considered:
Viu = sin(wz) sin(wy) in Q= (0,1)?
u=V>u=0 ondQ.
The weak form of the problem is:
a(u,v) =L(v) Yo eV, alu,v)= /QAqu aQ, L(v) = /Qsin(wx) sin(wy)v dS2,
and the exact solution is given by

u(z,y) = ﬁ sin(wz) sin(wy).

To impose the essential boundary condition (u = 0), all classical and enriched coefficients
associated with nodes on the boundary are set to zero. We use local max-ent with 3 = 1.25/h?,
where h is the nodal-spacing. For the computations, a structured grid with uniform spacing in
z- and y-directions is used, and a 7 x 7 tensor-product Gauss rule is used on the integration
cells. The enriched max-ent solution shown in Figure 12a and the three-dimensional plot of
the normalized error (Ju — u"|/umax) depicted in Figure 12b reveal the sound accuracy of
the max-ent method. For these computations, a 15 x 15 grid (900 DOFs) with w = 27 is
used. The convergence of the max-ent solution for w = 7 is presented in Figure 13, where the
errors are plotted as a function of the number of nodes along each coordinate direction. The
asymptotic rate of convergence in the L?(Q) error norm and the H*({)) seminorm are 2.3, and
the convergence rate in the H?(Q2) seminorm is 1.1, which is consistent with theory [47].

As the next example, we consider prescribed (non-zero) moment conditions that are imposed

on the boundary of the plate. The boundary-value problem is:

Viu=8 inQ=(0,1)3 (44a)
u=0, Vu=2(z*>+y*—x—y) on Q. (44b)
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(a) (b)

Figure 12. Simply-supported plate problem (w = 2m). (a) Enriched max-ent solution ; and (b)

Normalized absolute error.

—=—12 norm p
) ——H! seminorm
—o—H? seminorm

8 10 12 15 18
Number of nodes in each direction
Figure 13. Rate of convergence for the simply-supported plate problem with homogeneous boundary

conditions (w = ).
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(a) (b)

Figure 14. Accurate imposition of inhomogeneous natural boundary conditions for the simply-

supported plate problem. (a) Enriched max-ent solution; and (b) Normalized absolute error.

with exact solution: u(x,y) = zy(1 — z)(1 — y). The linear form ¢(v) for this problem is:

E(v)z/Sde—i—/ @Dpdr,
Q a0 On

where Dr is the prescribed function V2u on the boundary, which is given in (44b). In the
discrete system, the above expression for ¢(v) yields the external (force) vector, which is
computed by integrating the product of Dp and the normal derivative of the basis functions

over the boundary of the domain.

For a 10 x 10 grid (400 DOFs), the enriched max-ent solution and the normalized error
are plotted in Figure 14, and in Figure 15 the error norms are presented. These results reveal
the good accuracy and convergence of the method. As in the previous example, asymptotic
rates of convergence of 2.3 in L?(€2), 2.2 in H'(Q) seminorm, and 1.1 in H?({)) seminorm are
obtained, which are again consistent with theory [47].
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Figure 15. Rate of convergence for the simply-supported plate problem with inhomogeneous moment

boundary conditions.

6. CONCLUDING REMARKS

In this paper, we have provided a solution to the open-problem of computing the derivatives of
maximum-entropy basis functions on the boundary of a convex domain €2. In the constrained
optimization formulation, we considered the relative entropy as the objective functional with
non-negative prior weight functions w,(x) assigned as an initial guess for each unknown
basis function ¢,(x). On using the method of Lagrange multipliers, the expression for the
derivatives of the basis functions that are obtained assume an indeterminate 0/0 form for
points x € 9%, which is a consequence of the divergence of the Lagrange multipliers. Since the
Lagrange multipliers blow up on the boundary of the domain, the derivatives can not be directly
computed for points x € 0€). Herein, we appealed to 'Hopital’s rule and used the constraint

equations (linear reproducing conditions) to arrive at explicit expressions for the first- and
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second-derivatives of the basis functions on the boundary. On regular and unstructured
grids, we showed that the first-order derivatives of all basis functions were bounded on the
boundary. In contrast, it was found that on an irregular grid with a certain nodal spacing,
some of the second-derivatives of the basis functions were unbounded on the boundary.
Necessary and sufficient conditions on the choice of the priors to obtain bounded Lagrange
multipliers was established. To affirm the theoretical results, we adopted a quadratically-
complete enriched maximum-entropy approximation to solve fourth-order problems. Simply-
supported and clamped Euler-Bernoulli beam bending problems were considered and optimal
convergence rates were obtained in the L? norm, and in the H' and H? seminorms. In
two dimensions, simply-supported plate bending problems with zero and non-zero prescribed
moments were considered, and we showed once again that the method was accurate and
converged at the optimal rate. The expressions derived for the derivatives of the max-ent

basis functions now also permit the evaluation of the strain and stress fields on the boundary.
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